(a) (i)
These are notes on the talk for Gamma conjectures reading group.

1. QUANTUM CONNECTION

Throughout the notes let F' be a Fano manifold. Let H"" := H®"(F,C) be the even
cohomology of F'. It comes with a nondegenerate Poincare pairing (-, -). For a homogeneous
element 8 € H?* C H®*" we denote deg() = p. Consider the family of products %, on
Heve™ indexed by 7 € H®"*", defined by the pairings with arbitrary elements of H¢*"

<Oél* OZQ,Ofg E E Oél,OZQ,O!g,T,...,T>073+n7d

deEff(F) n>0

where the sum is taken over all effective curve classes d and
* * * * *
(aq, 0,3, T, ..., T)034nd = / evy(aq) - evy () - evi(as) - evy(T) - ... - evyy 5(T)
[Mo,34n,dlvirt

is genus 0 Gromov-Witten invariant for the pullbacks of the evaluation maps to the moduli
space of genus zero stable curves C' with n + 3 markings and f,[C] = d.

Remark 1.1. Alternatively, we can use pushforwards of evaluation maps to define

o *y Qg = Z Z (evs)«([Mos4n.dlvire N ev](0n) - evs(ag) - evy(T) - ... - evy, 4(T)).
deEff(F) n>0 !

Because the variety is Fano, the convergence issues are not too bad, but still not guaran-
teed. I am going to ignore them, to avoid introducing Novikov ring. At any rate for 7 = 0
the product is already non-trivial, but the convergence is not in question, because only a
finite number of d would contribute. Specifically, if ¢;(F') - d is large enough, the (virtual)
dimension of M3 4 is too large so the GW invariant is zero.

A standard result in GW theory is that these products are commutative and associative.
Commutativity is obvious from the definitions, and associativity eventually boils down to a
relation in the Chow ring of M 4.

One way to encode this data is by introducing an auxiliary variable z (a coordinate on CP')
and the (meromorphic) big quantum connection on the trivial bundle H¢*" x (H**" x CP') —
( JFeven v CPl)

o 1 0 1
=z———(& =
Vzaz Zaz Z( *7-) + W, Vaa 80&

where p is the grading operator, which acts by (p — 5 dim F') on H 2P(F,C) C H®*" and

~(okr)

E=c(F)+(1- %dimF—,u)(T).

We will be especially interested in the part of the connection for 7 = 0, which gives
d 1
V. — — —(c1(F .
0. =2 Z(Cl( )*0) +

Exercise.! Verify various properties of this connection. Specifically, check that it is flat
and that it is compatible with Poincare pairing in the sense of

0u(s1(T,=2), 82(7,2)) = (Vo s1(7, —2), 82(T, 2)) + (s1(7, —2), Vg, $2(T, 2))
and 1
Z%<81(T, —2),89(7, 2)) = (V,9.81(T, —2), 82(7, 2)) + (s1(7, —2), V.5.82(T, 2)).

Remark 1.2. Flatness of the connection for the H¢¢" directions is related to the associativ-
itv of bie auantum product. Flatness for 2 and H¢" tocether is related to the formula for
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Remark 2.1. It is actually not so easy to corral the precise definition. Many sources have
it in slightly different form. I am using Pandharipande’s paper from 1998.

Let us now verify that this gives a flat section in the 7 direction.

Lemma 2.2. We have for any ; and o € H®"
as a function of (7, z) with values in H¢",

Proof. The main idea behind the lemma is that the class of ¢; on M, g is represented by a
divisor which is the union of boundary components where the curve splits with labels 1 on

one of the components and labels 2,3 on the other (and other labels anywhere they want to
be).

I put more details in the Appendix. 0

Unfortunately, we have V.5, S(7,2) # 0. Rather, it needs to be adjusted a little bit to
have it satisfy the connection fully, by multiplying it by an operator that is independent of
T.

Lemma 2.3. Let p be as before and let p be the endomorphism of H*" which is the usual
multiplication by ¢;(F'). Then the function S(7, z)z7#"z” satisfies V,9.S(7, 2z)z7#2" = 0.

Proof. Because the connection V is flat, and S(7,z)z7#2” is clearly horizontal in the 7
direction, it suffices to check that S(0, z)z~#z” satisfies

d 1
(z% — ;(cl(F)*o) +1)S(0,2)z7#2 = 0.
This is a somewhat delicate calculation which I put in the Appendix. Initially, I could not
get it work out, but Hiroshi Iritani kindly pointed out my error and fixed it. 0

Proposition 2.4. The function S(7, z) will be often restricted to 7 = 0. Then the funda-
mental solution satisfies an additional property

lim z#5(0,2)z7* = 1d,

Z—r00

which determines it uniquely.

Proof. To verify this limit property, observe that we have for homogeneous (; and [ in
H?1(X,C) and H?**?(X,C) respectively,

lim (2#5(0, )27 1, B2) = lim (5(0,2)z7# b1, 27" Ba)

— JEEO(Z—uﬁl’ 2By + ,}E}}oz Z-p1-p2+dimF/ Z Z—l—l(_l)l—lwll eVl By - evl By

04£d [Mo,2,alvirt 1>

= (b1, 52)—|—le1§0 Z /[M | Z—(C1(F).d)(i1)¢§cl(F)~d)+dimF—l—pl—pQ‘evfﬁl.evgﬁl
0,2,d]virt

0#deEff
(e1(F)-d)+dim F—1—p1—p2>0

While I am not certain how one can verify convergence,” at least formally we have that the
limit is Id. Here is perhaps the first place where we explicitly use that F'is Fano.

21 believe it follows from the fact that the power series satisfies the quantum differential equation.



For uniqueness, suppose that you have another fundamental solution of the form
Si(z)z7#2°,
with lim, ,, 2#51(2z)z~* = Id. There exists a constant invertible matrix C' € End(H**")
such that
Si(z)z7H2P = 5(0,2)z7#2°C.
We have 2#S)(2)z7" = 2#5(0, z)z~#2°Cz~*. Therefore, we must have

lim 2°Cz7° = Id.
Z—00

Note that 2z are polynomial in log z, starting with identity. Therefore, on the left hand side
we have C' plus some End(H*")-valued polynomial in log z with terms of positive degree.
The only way this will have identity in the limit is if C' = Id. 0]

Remark 2.5. The previous proposition is very useful, because it may be often difficult to
calculate S(0, z) directly. However, the proposition allows us to find it, provided we can
calculate the quantum differential equation.

3. GAMMA CONJECTURE. PROOF FORrR CP".
To state I'-conjecture I I need an additional conjecture called property O.

Definition 3.1. A Fano variety F' is said to satisfy property O if there exists a positive real
number 7T such that the following statements hold.

e T is an eigenvalue of ¢1(F)xq : H®" — H®*" on F of multiplicity 1.

e All other eigenvalues \ of ¢;(F)%q satisfy || < T.

e If for an eigenvalue A there holds |A| = T, then A\ = T for " = 1 with r the Fano
index of F.

Remark 3.2. We will see in a second that this assumption holds for £ = CP"~! where the
eigenvalues are ¢ N with € running over all N-th roots of 1.

A consequence of property O (proved in Galkin-Golyshev-Iritani paper) is that among
He"-valued solutions of

Vzazf<’z) =0

along z € R there is a unique up to scaling solution of Vg, f(z) = 0 which has the smallest
growth as z — 0+. Specifically, this solution satisfies exp(L)f(z) = O(z™™) for some m.

This solution can be given by
f(z) =5(0,2)z7+2PA
for some unique up to scaling class A € H"".
The I'-conjecture I is the following statement.
Conjecture 3.3. (I' conjecture I) Assuming F' satisfies property O, there holds
A=T(F),
up to scaling.

Remark 3.4. It would be interesting to try to have a meaningful GW formula for S(0, z)z#2°T'(F),
or S(r,2)z7"zPT'(F'), perhaps in terms of fat point markings.



4. VERIFYING [' CONJECTURE I FOR PROJECTIVE SPACES.

Let I = CPV~! be a projective space. Let us compute its quantum product at 7 = 0. We
have

even — @f\i—olChz
where h is the class of the hyperplane.
Lemma 4.1. There holds

. Rt 0<i< N -2
fixo h _{ 1, i=N-1
Proof. We have
(hxo B, h?) :Z/ evih - evsh' - evih?.
4~ Mo3,a(CPN-1)

The degree of this class is 1 +4 + j < 2N — 1, the dimension of My 3 4(CPY™!) is
Nd+ (N —1).

So the contributions occur only ford =0and i+ j=N—-2andd=1andi=j5=N — 1.
The first set of contributions acts just like a usual product (because the moduli in this
case is CPY~1). The second type of contributions measures the number of lines (d = 1) in
CPV~! with three markings, so that the first marking is at a fixed hyperplane, and the other
two are at fixed points, chosen generically. Clearly, there is one such line. This leads to
ho hN"1 =1. O

Therefore the action of cl((C]P’N “Hxg = Nhx has eigenvalues N, so CPN-! satisfies
Conjecture O.

Let us now calculate the quantum connection and write its fundamental solution S(0, z)z#z*.
For simplicity, let us consider a solution of the form

N-1
_ Z fi<z)zz‘—(N—l)/2hN—1—i‘
i=0

We have
N1 ' '
Voo [(2) = D (a5 fi(2))2 VTR Z Ji(2)(i = (N = 1)/2)z 02
=0
N 1 N
Zfl /ZhN i _f( ) —(N-— 1)/2h0+2f )/2(N 1— ( _1)/2)hN717i
Z z
i=1
NoL g ' '
_ Z(Z_Zfi(z))zz—(N—l)/2hN—1—z _ Z f 1)/2hN i _f ( ) (N-1) /2h0
=0

By comparing coefficients at AV 1% we see that V.o.f(2) = 0 is equivalent to

) C( Nfia(2), i=0,...,N—2
et ={ NG, 12N

In other words, fy(z) satisfies the differential equation

0

(4.1) (Z@)Nfo(Z) — N¥2Nfo(2) = 0,



and the other f; are its logarithmic derivatives (times N~%).

We can now calculate the fundamental solution S(0, z)z~#2”. Define the function II(z)
with values in (H¢")V = (C[h]/(h™))Y

> oz~ N=h)
II(z)(a) =

/(C]P)NIHZ:; ((h—n)(h—ﬂ—f—l)(h— 1))N

where for n = 0 the empty product is 1. The meaning of V" is, of course exp(Nhlog z) and
we are working away from z € R<y. Convergence is clear. This function is immediately seen
to satisfy

(z%)Nﬂ(z) = NV27N1I(2).

For each « it then gives a solution of quantum differential equation

oz i—(N-1)/2,N~1— z / o
ZZ NdZ CPN-— 12

— ((h=n)h=n+1)---(h—1)"

N-1 o)

Zzz (N=1)/2,N—1- z/ (h—n)azN0=h)
= cev1 i (h=n)(h—n+1)---(h—1))"

z—N(n—h)

Proposition 4.2. The fundamental solution S(0, z)z~#z” is given by ®(z).
Proof. Because ¢ (CPN™1) = Nh, we get

MOz, 2Pa) Zthz/ (h—n)iaz

CPN-1, ) (h_n)(h_n+1)---(h—1)>N

In the limit as z — oo only the n = 0 terms survive and we get

N—1
=" ZhN_I_Z/ h'a = «a.
i=0

—Nn

CPN-1
Thus @ is the fundamental solution. O

We will now the smallest solution as z — 04. Let us define

1 c+100 NN
U(z) = — [(s)" 2" ds

271 oo

where ¢ is some (any) positive real number. We use the Stirling approximation of the I'

function P() = @ (g) (1 +0 G))

which is valid in any sector Arg(z) € (—m + €, ™ + €), to conclude that
IT(s)2%| ~ ]s|’% exp(Re(slog(s) — s + slog z2)

= |s|"2 exp(cRe(log(s)) — Im(s)Im(log(s)) — ¢ + clog |z| — Im(s)Arg(z)).
As s = cEioo, we see that Im(log(s)) — £7, so the fastest growing term inside exponential
is about — (5 £ Arg(z))|Im(s)|. The other terms there are logarithmic or constant in |Im(s)|,
so convergence is clear.



It is clear that W(z) is independent from the choice of ¢, since the poles of I are at Z<.
It is clear that as one applies (5 - )N to this integral, we get extra s inside. This amounts
to passing from ¢ to ¢+ 1. Thus V¥ satisfies (4.1).

We observe that ¥(z) = II(z)I'(CPN 1) (which means that the corresponding H¢*"-valued
function is ®(z)['(CPN~1)).

To do so, observe that W(z) is equal to the sum of residues of the integrand at s =

0,—1,—2,.... Indeed, the remainder term is estimated as

1 1 1 i
- I N Nsd - = I —kN N(s—k)d _ / I N _Ns Nd
gl B (s)" 2" ds 2y (s—k)" 2 S=5 N - (5)" 2 ]1_[1(8 J) s

The integrand is dominated by the original one, so we see that the sum of residues converges
to W(z). We now have

:§Resszn(f‘ W NS) ZReSs 0< )NzN(S_”))

NN(sn

- (1+5) 1+h)N N(h=n)
_;RGSS=O<SN( “N s—nN Z/@Pm h— )N (h—n)N>

= (2)(T(L + h)™).
It remains to observe that since ¢(CPN~1) = (1 + h)N, we have I'(CPY~!) = I'(1 + h)N

Galkin-Golyshev-Iritani paper claims that asymptotically

U(z) = CW-1/2e" z(1+O( )

as z — 0+ with a reference to Meijer (1946). Meijer refers to Barnes (1906), which is hard
to make sense of, although it is available online. There is a more useable, although still
much more general reference ” Asymptotic expansions and analytic continuations for a class
of Barnes-integrals” by Braaksma from 1963. I will sketch the main points of the argument.
One has (after some justification)

1 P2
4.2 — r ds = — r *d
(4.2) 27 (s +a)z’ds = 27 ) (s)2°ds
00 %) 1 j A
=z ZResS:_jF(s)zs =z Z ( j!) 2= e
j=0 Jj=0

From Stirling formula, one has
1
[(s)N =CNNT(Ns — 5(N - 1)1 +0(s7h)
for some (explicit) constant C. Then one has

w(z) = £/+RF(N3—%(N— 1) (/N st [ (Vs (N=1)0(s7) (2/N) "V ds

21 Tl JeriR

By (4.2), the first term is equal to CzzN=De=Z . The second term is shown to be of lower
asymptotics (this is the most technical part, but it is not too bad in Braaksma’s paper).
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In fact, Braaksma’s paper (and others) cover a far larger range of integrals with products
of I' functions in it. It is likely that if one were to prove I' conjecture no new tools would be
needed at this step.

Remark 4.3. One can also look at
1 :

— F(S)NZNS€2mk8 ds

2mi c+iR
which correspond to solutions of ®(z)I'(CPN~1)Ch(O(k)) where Ch is the weighted Chern
character. However, the paper is interested in sections that are asymptotically of the form
e~N¢/Z for € aroot of 1 along a sector near z — 0+. They prove that these sections correspond
to mutations of the standard Beilinson exceptional collection, but do not calculate them
explicitly.

5. APPENDIX: VERIFYING FLATNESS OF QUANTUM CONNECTION

In this section we will verify the flatness of

0o 1 o 1
Vzaz - Z& - ;(E*T) + W, V@

There is probably a more elegant way of doing it, but for the sake of my sanity I want to do
it via brute force.

Yy % + ;(CY*T).

Let us first verify that for any o and g in H¢"*"
Vo.Vas(T,2) = Vg, Vo,s(1,2) =0
for any H*¢"*"-valued holomorphic s. We have
(VaaVaB - VaBVQQ)S(T, Z)
o 0 1/.0 0 1
= [ga, 56]8 + _<[5a’6*7] - [56, a*,])s(T, z) + ;[a*ﬁ [xr]s

z
(the vector fields commute, and multiplication maps commute due to associativity and com-
mutativity)

(5.1) _ %([ga,m] _ [gﬁ,%Ds(T, 2).

To compute [ga, fx-]s we will compute

(15 rls(r,2)u)

for arbitrary constant u € H®"*". We have

1
</8 *r S<T7 Z),U) = Z E</87 S(T) Z)a u,T,... 7T>0,3+n,d
dn
SO

gaw *r 8(7,2),u) = (0 *, (gaS(T, 2)),uy + ; %(ﬁ, S(Ty2), Uy O, Ty ooy TY0 3 4nd-

The point is that we need to differentiate each ev;7 in the o direction, i.e. to see the rate
of change as 7 is replaced by 7 4 ea. There are n occurrences of 7 and each of them gets a
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term. We also use the obvious fact that GW invariants are independent of the order of the
markings. This leads to

<[ga> Bx]s(T,2),u) = Z %(5, S(T,2), U, 0, T, ..., T)od+n.d

d,n

which is clearly symmetric in « and (3, This shows that (5.1) is zero, as desired.

We will now verify that
(Vo. V.o, — V.5,Va,)s(1,2) = 0.

After observing that the coordinate vector fields on the base commute, that operator u
doesn’t depend on 7, and that a*, and Ex, commute, we have

0 1 0 1
Vo., V.. = [8_04 + ;(04*7), Z& - ;(E*r) + 1)
1 0 1 0 1

S Bl 4 [ 2ok 4k, 4]

(5.2 = (12 B o +Hox )

As before, we will apply the operator in the parenthesis to an H¢*"-valued function s(7, z)
and pair it with u € H®*". We will take u to be homogeneous, i.e. u € H?3¢W ([, C). We
will also have s homogeneous in H29)(F, C).

Let {¢;} be a homogeneous basis of H**", with ¢; € H*i(F,C). Let 7 = Y, :¢;. Without
loss of generality we may further assume that o = ¢;. Our definition of F implies that

E = E —Cl +Zl_pz Tl¢z

Therefore, when we differentiate in the direction of o = ¢ we have %E = (1 —p1)¢1. Then
as before, we get

= Exs(7,2),u) = (1 = p1) g1 %7 s, u +Z (B, 8(T,2),u, @1, Ty, T)od4n,d
Since pus = (degs — 3 dim F)s and p is skew for the pairing, we get

1
([akr, pu]s,u) = (degs — 5 dim F){p1 *, s,u) — (puep1 *, S, u)

1
= (degs — ) dim F){¢p1 *, s, u) + (¢1 %, s, pu)
= (deg s + degu — dim F')(¢p1 *, s, u).
To continue with (5.2), we get
0
(( - [%, Ex;| + a*, +[04*T,u]>s, u)

1
_<(1 - p1)¢l *r S, U> - Z ﬁ(Ea 8(7—7 Z),U, ¢177_7 cee 77_>0,4+n,d

d,n

+(¢1 %, s,u) + (deg s + degu — dim F'){¢p1 *, s, u)



. 1
(53) = (pl + degs + degu - dlmF><¢1 *r 37“) - Z E<E73(Ta Z),U,le,T, s 7T>0,4+n,d-

d,n

Let us simplify the GW invariants with E. First of all, the divisor axiom gives terms
(5.4) - Z ol (cr(F (s,u, ¢, ,-~a7'>0,3+n,d-

We also get the term for
dlm HC’Ue’ﬂ

(5.5) Z Z — Pi)Ti(S, Uy P1, Dis Ty oo+, T)04m,d-

Let us expand these terms for 7 =) . 7,¢; and calculate the coefficients at

<S, u, ¢1, ceey ¢1, ey .>072+Zi k;,d

where each ¢; occurs k; times. Note that k£ > 1, and the other k; are nonnegative. The
term (5.4) contributes (using multinomial theorem)

k-1 ki
—(cr(F) - d)ﬁ ,;
The term (5.5) contributes (using convention (— ) = 00)
- it ki L p) Th=2 Tiki
; — ) "k (k; —1ll?ﬂjkl P 71(/{1—2)!1,>1 kil

Together, we get

kll_l,Hk,( (1(F) -d) = 300 = pi)ly = (1= p) (ki = 1))

j>1

ki—1 k;
,7_11 T

= T T H klz' (— (cr(F) - d) + ijkj - ij (1 _p1)>

If we go back to (5.3), we observe that the coefficient by

<S,U,7 ¢1’""¢1’"'7"'>072+Ziki:d
is given by
k1—1 Tk:-
ﬁnk'<degs+degu—d1mF+pl —{—ij ij—i—(l—pl))
J

kll

mnk'<degs+degu+2pj —dim F' — Zk +1)

It remains to observe that the GW invariant is zero unless the sum of the degrees of the
variables is equal to the virtual dimension of the moduli space, i.e.

deg s + degu + ijkj = (c1(F) - d) + t(points) + dim F — 3

J
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= (c1(F)-d)+ > kj+dimF —1.
J
So in the above expression either the GW invariant or the coefficient are zero.

This finishes the proof of flatness of the connection.

6. APPENDIX: QUANTUM CONNECTION AND POINCARE PAIRING

In this section we will verify that the quantum connection is compatible with the Poincare
pairing in the sense of

O0n(s1(T,—2), 82(7,2)) = (Vg s1(T, —2), S2(T, 2)) + (s1(T, —2), Vg, 52(T, 2))
and
z%(sl(r, —2),89(7, 2)) = (V.a.81(1, —2), 82(T, 2)) + (s1(7, —2), V.0, 52(T, 2)).

This is a straightforward calculation.
For the first term of the right hand side of the first equation, we get

(Vo,s1(1,—2),82(T, 2)) = (Oas1(T, —2), s2(T, 2)) + L

(=2)

(v xy 81(T, —2), $2(T, 2)).
Similarly,
(s1(1,—2),Va,82(7,2)) = (s1(7, —2), 0a82(T, 2)) + %(81(7', —2), %, $9(T, 2)).

As you add these, the % terms cancel from the definition of the quantum product, and the
desired equality follows.

For the first term on the right hand side of the second equation we get

(V.,o.81(T,—2), 89(T, 2)) = <z%sl(7, —z),89(T, 2))+ (Exrs1(T,—2), s2(1, 2))+{ps1 (1, —2), s2(T, 2)).

1
(—2)
For the second term we get

0 1
(s1(7,—2), V,o.82(T, 2)) = (s1(T, —Z),ZaSQ(T, Z)>+;<$1(7', —2), Ex;89(7, 2))+(s1(7, —2), pusa(T, 2)).

When you add them, the % terms cancel from the definition of the quantum product and the
1 terms cancel from skew-symmetry of u.

7. APPENDIX: PROOF OF LEMMA 2.2

We will evaluate (Vg,S(T,2)(51), ) for a fixed 5. We will also pick dual bases v, and
A* of H®**". Then we have

<V8 (7', 2)51,52>

n+1
1 7 52 evy by . . .
<CV *r B, B2) + et evy Yy - vz - | | evi T
n>0,deEf & [Mo,n+3,d]virt 1 i
1 m—+3
* Z Z Z evia - evs s - evyy® - H ev; T
V4 n'm' ] ‘
m>0 d’EEff n>0,deEff 0,m+3,d/ lvirt i=4

(n,d)#(0,0)
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n+2

*
€U1 51 . * . *
p— evyYk ev; T
(Mo, n+42,d]virt 1

=3
n+1

1 ev Bl
= —(a*; [y, B2) + / — L el - evy o - Hev T
< MO n+3, d virt

n>0, deEff —z =

+3

*
61)151 * *6 . *
——— " €Uy * EVU3 D2 ev, T
(M,

l>0 d”eEfT 0,143,a Jvirt —Z— ¢1 paly)

+3

1 1
/ —|— L2 ) -evikﬁl‘ev§a~eU§62-Heva:0.

My 143, d”]mrt —Z = wl ( 2 ¢1) o)

l>0 d”eEff

Here we have used the property that v, class on My 4347 can be written as sum of divisors
of the loci of curves where markings 1 and 2, 3 are located at different components.

8. APPENDIX: PROVING THAT S(0,2)z #2z” IS A FLAT SECTION.

We will first formulate the following lemma, whose statement and proof I owe to Hiroshi
Iritani.

Lemma 8.1. For d # 0 and [ > 1 there holds

/ 1wwww%w»%&=@w»@/ Vet B, - evsfy
[MO 3 d]m’rt

[MO,Q,d]virt

T / Slov (e (F)B) - evlfs.
[Mo 2. d)virt

Proof. For 1 classes on M3 4 and My o4 with the map m: My 34 — Moo q that forgets the
second marking there holds

Yr=7"¢Y1+ D
where D is the divisor of curves where first and second markings are on a curve of degree

zero and the last marking is on the other component(s). We also have 1, - D = 0 from the
description of ;. This implies for [ > 1

W= (r* Y + D) = gyt = ol + Dl

The contribution of the first term leads to (¢;(F) - d) f[Mo 2 dloint YPlevi By - evyBs. The contri-
bution of the second term is the second term of the above sum since working on D makes

us multiply the condition on the markings. 0

Corollary 8.2.

/ LB sl (F) - vl = (en(F) - d) / P e,
[MO 3 d]uzrt

—c = wl (Mo a.dlvire % ¢1

1 x F
R -
% J[Mo,2,d)virt —z— 1
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Now let me get back to the proof of Lemma 2.2. Recall that
_ N evi(z7"zP )
S(0,2)z7H2PB, = z7H2P 6 + k/ —T " el
(0, 2) A b Z Z’Y ) 27k

0£deEf & [Mo,2,dlvire 7 -
=z "0+ Z Z ZV / evi (27 2PBy) - (=) - evd
0£deEf >0 k [Mo,2,dlvirt

We also have

d
(ZE)Z_M_HZP =(—p—10- 1)z—u—l—1zp + z—u—l—lpzp = (,Oz_l — =1 1)Z—M—z_1zp

which implies

d d
(24 + 1) S(0, )28, o) = <(z@)s<o, )20, o) — (S(0,2)27 2B, )
= (a1(F) 277127 By, Ba) + Z / Z€U1 — == 1)z PR (= 1) e B
0deBft Y [Mo,2,alvire >0
- > / D evi(z B - (1) - evs B
0#£deEft ¥ [Mo,2,dlvirt >0
Since virtual dimension of My 4 is (¢1(F) - d) + dim F' — 1, and degree of ¢, is 1, we get
/ wll-evfx-evg,uy—/ Yhev(el(F)-d—p—1— 1)z - evly.
[Mo,2,d)virt [Mo,2,d)virt

This allows us to simplify:

d
(2 + 1) S(0,2)27281, B2) = {ca(F) =712, o)
Y / > evi((pz™ = ealF) - )z B - (<1) 7 v By

0dekft 7 [Moz,alvire >0

(8.1) = {ci(F)z"'2/By, Bo) + / evi((pz™ — a(F) - d)z7+2"f)) - evy By
° - Y 2 .
0#£deEff [MO 2 d]vzrt —Z = ¢1
On the other hand,
1
<201(F) 0 S(0,2) 27127 By, Ba) = (c1(F) %o 27712761, Ba)
(=l yp
=YYy cvier(F)enipfrenypy [ CEZER) o,
d;é() di k7 Mozalvirt [Mo,2,alvire % (e}

= (c1(F)z P 1298y, Bo) + = Z/ eviz H2PBy - evyer (F) - evs Py
& a0 ¥ [Mo,3,d]virt

1 eviz HzP
AR e g
[MO 3 d]uzrt

s —z =1

* o=y
= (c1(F)z " 1298y, Ba) — Z/ vz " evycy(F) - evy fBa.
d#o [MO 3 d]vzrt —Z = wl



We now use Corollary 8.2 to get

<§C1(F) x0 S(0,2)27#2 By, Ba) =
—Z/ (cl(F)-d)M 03By + ~ Z/ evy(c1(F)z#2zPBy) .

a0 ¥ [Mo,2,dvirt —z =

which matches (8.1) and finishes the argument.

(e1(F)z7 12" By, Ba)

d#£0 [Mo,2,d)virt —z—1

2

13

B



	1. Quantum connection
	2. Fundamental solution at infinity.
	3. Gamma conjecture. Proof for CPn.
	4. Verifying  conjecture I for projective spaces.
	5. Appendix: verifying flatness of quantum connection
	6. Appendix: quantum connection and Poincare pairing
	7. Appendix: proof of Lemma ??
	8. Appendix: proving that S(0,z)z-z is a flat section.

