Math 113 — Homework 2

Graham White

April 20, 2013

Book problems:

1. Consider an arbitrary element v of V. The set {v1, va, ... v, } spans V, so there are scalars a1, as, . .., a, with
V= a1V + agv2 + ...+ anv,.
Rearranging this equation, we have that

v=ai(vy —v2) + (a1 + a2)(va —v3) + (a1 +as + a3)(vs —vg) + ...+ (a1 + a2+ ...+ ap)v,. (1)

Hence
v € Span(vi, (v2 —v1), (V3 = v2),. .., (Vn—1 — Vpn), Un).
But v was an arbitrary element of V, so the set {v1, (v2 — v1), (3 — v2),...,(Un—1 — Vn), v, } spans V, as
required. (To verify equation 1, calculate the coefficient of each v;).
3. Assume that (v; + w,v2 + w, ..., v, + w) is linearly dependent. Then there are scalars a1, as, . . ., a,, not all
zero, with

0=a1(v1 +w)+ as(vy +w) + ...+ an(vy +w).

Hence
—(a1+ag+ ...+ ap)w=ajvy + agvy + ... + a,vy,.

If (a1 +az+. . .+a,) = 0, then av +asve+. . .+ayv, = 0, soall of the a; are 0, because the set {vy, va, ... v, }
is linearly independent. But this contradicts the definition of aq, as, ..., ay, so (a1 + a2 + ...+ ay) # 0, hence
we may divide by the scalar (a1 + as + ... + a,,). Therefore

—aq —Qp,

w = v+ ...+ Un,
a1 +ag+...+ap, ay+azx+...+ap

so w is in the span of {v1, va, ... v, }, as required.

5. For each positive integer ¢, let e; be the sequence with :th element 1 and each other element 0. For any n, we
will show that ey, es, ..., e, are linearly independent. Assume that

aire1 +ases +...ape, = 0.
Using the definition of the e;s, we have that
(a17a27~";an) = (0707" 70)

Therefore a1 = a2 = ... = a, = 0. We have shown that e, es, ..., e, are linearly independent for any fixed
n. Therefore for any n, the dimension of F° is at least n. Hence F° is infinite dimensional.

8. Define the following vectors:
v = (3,1,0,0,0)

Vg = (070777170)
U3 = (07070707 1)



By the definition of U, each of these vectors is in U. Let avy + bua + cvs be an arbitrary linear combination of
v1, V9 and vs. If avy + bvg + cvz = 0, then

(3a,a,7b,b,c) = (0,0,0,0,0),
by the definitions of vy, vo and v3. Comparing the coordinates of these vectors, a = b = ¢ = 0. Therefore v,
v and vg are linearly independent.

Consider an arbitrary element z = (a, b, ¢, d, e) of U. By the definition of U, we have that a« = 3b and ¢ = 7d.
Therefore = (3b,b,7d,d,e) = bv; + dvs + evs. Therefore z is a linear combination of vy, vy and vs, so
{v1, va,v3} spans U.

We have that {vq, v, v3} is linearly independent and spans U, so it is a basis of U.

12. For any nonnegative integer n, consider the vector space P,(F), and the functions {1, x,z2,..., 2"} in this
space. This set spans P, (F), because any polynomial is a sum of monomials, and is linearly independent,
because two polynomials are equal only if all of their coefficients are equal. Thus the set is a basis, so the
dimension of P, (F) is n + 1, for any n.

Now, consider pg, p1,-..,Pm € Pn(F), with p;(2) = 0 for each ¢. Then for each i, we may write p;(z) =

(z — 2)g;(x), where g; is an element of P,,_1(F). The polynomials go, g1, ..., gm are m + 1 elements of
P,,—1(F), which we have shown is m—dimensional. Therefore they are linearly dependent, so there exist some
scalars ag, a1, . . ., ., such that

apgo + @191 + ... + @mGm = 0.

Multiplying by z — 2, we get that
aofot+arfi+...+amfm =0,

so the polynomials fy, f1, ..., fm are linearly dependent in P, (F), as required.

Another approach to this problem would be to use the fact that if pg, p1, . . ., pm € P, (F) are linearly indepen-
dent in a vector space of dimension m + 1, then they form a basis. But any linear combination of the p; will be
zero at the point 2, so the collection of p; can’t span P, (F), because P, (F) contains polynomials which are
not zero at the point 2, like p(x) = x. (This is just an outline — the various statements here would, of course,
require proof).

14. From Theorem 2.18 of Axler, we have that
dim(U + W) = dim(U) + dim(W) — dim(U N W).

The space U + W is a subspace of R?, so has dimension at most 9. We are given that each of U and W have
dimension 5. Hence we have that
545 —dim(UNW) <9

Therefore dim(U N W) > 1. The dimension of {0} is zero, so U N W # {0}.

16. If V is finite dimensional and each U; is a subspace of V, then each Uj is finite dimensional, by Proposition 2.7
of Axler. For each 7, let A; be a basis of U; (A; is a set of vectors). For each i, the set 4; has dim(U;) elements.

The sets A; span the subspaces U;, so the set Ay U A; U ... U A,, spans the subspace Uy + Us + ... + Up,.
Therefore

dim(Uy +Us+... 4 Up) <A1 U A U...UA,| (Size of any spanning set is at least the dimension)
< |Au|+ |As] + ...+ [Anl
= dim(Uy) + dim(Us) + ... + dim(U,,)
This proves the required inequality.

Other problems:



1. (a) To prove that V* is a subspace of FV, we need to show that V* is nonempty, closed under addition, and
closed under scalar multiplication.

In the following, let v and v be arbitrary elements of V' and a be an arbitrary element of IF.

Let 0 be the zero function from V' to IF. Then
O(u+v)=0=0+0=0(u)+ 0(v)

and
0(av) =0 = a0 = a0(v).
Therefore O is a linear function, so is contained in V'*.

Let f and g be arbitrary elements of V*. Then

(f+9)(u+v)=flut+v)+glu+wv) (Definition of (f + g))
= f(u) + f(v) + g(u) + g(v) (f and g are linear)
= f(u) + g(u) + f(v) + g(v) (Addition in F is commutative)
=(f+9)W)+ (f+9)(v) (Definition of (f + g))
and
(f +g)(av) = f(av) + g(av) (Definition of (f + g))
= a(f(v)) +alg(v)) (f and g are linear)
=a(f(v)+g(v)) (Distributivity in )
=a((f +9g)(v)) (Definition of (f + g))

Therefore f + g is a linear function, so V' * is closed under addition.

Let f be an arbitrary element of V*, and A be any element of F.

AN (w+v) =A(f(u+v)) (Definition of Af)
=Af(u) + f(v)) (f is linear)
= Af(w) + A(f(v)) (Distributivity in IF)
= (Af)(u) + (Af)(v) (Definition of \f)
and
(Af)(av) = A(f(av)) (Definition of Af)
= Aa(f(v))) (f is linear)
= a(A(f(v))) (Multiplication in F is commutative)
=a((\f)(v)) (Definition of A f)

Therefore Af is a linear function, so V* is closed under scalar multiplication.

The subset V* of FV is nonempty, closed under addition, and closed under scalar multiplication, so it is a
subspace of FV, as required.



(b) Let {vy,vs,...,v,} be abasis for V. For each i, define f;: V — T by
filarvy + agva + ... + apvy) = a;.

These functions are well-defined because {vy,va, ..., v, } is a basis for V, so each element v of V' can be
uniquely expressed as v = a1v1 + agv2 + ... + a, vy, for some aq,as, ..., a, € F.

We need to show that each f; is a linear map. Let u = ayv; + ... + apv, and v = byvy + ... + byu, be
any elements of V, and \ be any element of F. Then

filu+v) = filavr + ...+ apv, + bivr + ... + bpoy) (Definition of u and v)
= filarv1 + byvy + ... + apv, + bpo, (Commutativity of addition in F")
= fi(ar +by)vr + ...+ (an + bp)vy) (Distributivity of scalar multiplication in FV')
=a;+b (Definition of f;)

= filarvr + ... + apvyn) + fi(brv1 + ...+ byv,)  (Definition of f;)
= fi(u) + f;(v) (Definition of u and v)

and
fi(dw) = fi(A(a1v1 + ... + apvy) (Definition of u)
= fil(Aar)vr + ...+ (Aap)vy) (Distributivity of scalar multiplication in F'")
= \a; (Definition of f;)
= Ai(avr + ... + anvy) (Definition of f;)
= Ai(u) (Definition of u)
Therefore each f; is a linear map. We will now show that { f1, fa, ..., f} is a basis for V*. To check that
this set is linearly independent, assume that ay f1 +as fo+. .. +a, f, = 0, for some scalars ay, as, . . ., Gy.

Then for each 7,

0=0(v;)
= (arfi +azfo+ ...+ anfn)(vi)
=a1fi(vi) + ...+ anfn(vi) (Addition and scalar multiplication in F"')
= a; fi(vi) (fj(vi) = 0fori # j)
=a;-1 (fi(vi) =1
=a;

Therefore, if a1 f1 + asfo + ... + anfn, = 0, then each a; = 0, so the set {f1, fa, ..., fn} is linearly
independent.

Now, let f be any element of V*. Define b; = f(v;) foreach i. Letv = aqv1 +. .. + a,v,, be any element
of V. Then

f) = flarv1 + agva + ... + anvy)

= fla1v1) + flagvz) + ... + f(anvn) (f is linear)

=ay1f(v1) +asf(va) + ...+ anf(vy) (f is linear)

=aib; +asbsy + ...+ ayb, (Definition of b;)

=bia; + bsas + ...+ bya, (Multiplication in F is commutative)
=bifi(arvr + ...+ apvy) + ... F by frlarvr + ...+ apvy) (Definition of f;)

=b1f1(v) + ...+ bpfn(v) (Definition of v)
=bifi+...+bufn)v) (Addition and scalar multiplication in F*V')



(a)

Therefore for each v € V, we have that f(v) = (b1 f1+ ... +bnfn)(v), 50 f = (b1 f1 + ... + b fn). We
have shown that any f € V* can be written as a linear combination of {f1, fa,..., fn}, so this set spans
V.

We know that { f1, fa, ..., fn} is linearly independent and spans V*, so it is a basis of V*.

The space V* has a basis with n elements, so dim(V*) = n.

For this question, we need to assume that V' and W are vector spaces over the same field, F. From the
first homework set, we know that WV is a vector space, so it suffices to show that the subset £(V, W) is a
subspace. That is, that £(V, W) is nonempty, closed under addition, and closed under scalar multiplication.
The proof of this is very similar to the proof in the previous question that V* is a subspace of FV .

In the following, let v and v be arbitrary elements of V' and a be an arbitrary element of IF.

Let 0 be the zero function from V' to W. That is, the constant function taking the value Oy, the additive
identity of WW. Then
O0(u+v) = Ow = Ow + O = O(u) + 0(v)

and
0(av) = Ow = alw = a0(v).

Therefore O is a linear function, so is contained in £(V, W).

Let f and g be arbitrary elements of £(V,W). Then

(f+g9)(utv)=flutv)+glut+wv) (Definition of (f + g))
= f(u) + f(v) + g(u) + g(v) (f and g are linear)
= f(u) + g(u) + f(v) + g(v) (Addition in W is commutative)
= ([ +9)w) +(f+9)(v) (Definition of (f + g))
and
(f + g)(av) = f(av) + g(av) (Definition of (f + g))
=a(f(v)) + a(g(v)) (f and g are linear)
=a(f(v)+g(v)) (Distributivity in W)
=a((f +g)(v)) (Definition of (f + g))

Therefore f + g is a linear function, so £(V, W) is closed under addition.

Let f be an arbitrary element of £(V, W), and X be any element of F.

A w+v) = Af(u+v)) (Definition of Af)
= A(f(u) + f(v)) (f is linear)
= Af(w) + A(f(v)) (Distributivity in W)
= (Af)(w) + (Af)(v) (Definition of Af)

and



(b)

(Af)(av) = A(f(av)) (Definition of Af)
= Ma(f(v))) (f is linear)
= (Aa)(f(v)) (Distributivity in W)
= (aM)(f(v)) (Multiplication in F is commutative)
= a(A(f(v))) (Distributivity in W)
=a((\f)(v)) (Definition of Af)

Therefore Af is a linear function, so £(V, W) is closed under scalar multiplication.

The subset L(V, W) of WV is nonempty, closed under addition, and closed under scalar multiplication,
so it is a subspace of WV'. Hence £(V, W) is a vector space.

For each pair (4,5) with 1 < ¢ < 2and 1 < j < 3, we define a function f;; : V — W by fi;(a1v1 +
asv2) = a;w;. These functions are well-defined because any element of V' can be uniquely written as a
linear combination of a; and as, as {a1, as} is a basis of V.

We will show that the six functions f;; form a basis for £L(V, W).

To show that the functions f;; are linearly independent, assume that some linear combination of them is
the zero function,

ai1fi11 + a1z fi2 + a13 f13 + az1 f21 + agafaz + azz faz3 =0
Then for each i € {1,2}, we have that
0=0(v;)
= (a1 fi1 + a12f12 + a13f13 + az1 fa1 + aza foz + a2z fa3)(vs)
= a11f11(vi) + a12f12(vi) + a1z f13(vi) + az1 f21(vi) + @22 foz(vi) + azs fa3(vi) (Operations in W)
= ;1w + ajows + a;3ws (Definition of f;;)

Now, {w1, wa, w3} is a basis for W, so is linearly independent. Therefore if a;1wq + a;ows + a;3ws = 0,
then a;1 = A2 = A;3 = 0. Soif

a1 fi1 + a1z fi2 + a1z fi3 + a1 f21 + a2 fao + agz fa3 = 0,

then each a;; = 0. Therefore the set { f11, f12, f13, f21, fa22, fos} is linearly independent.

To show that the functions f;; span £(V, W), consider any linear function f from V' to W. We will show
that f is a linear combination of the f;;.

Because {wy,wsy, w3} is a basis of W, we have that f(vy) = bjjw; + biaws + bizws and f(vy) =
bo1w1 + baows + bazws for some scalars b;;,i € {1,2},7 € {1,2,3}. Let v = ajv1 +agv, be an arbitrary
element of V. Then we have

f() = flarv1 + agvy)

=ayf(v1) + azf(v2) (f is linear)

= a1(br1wy + biaws + bizws) + az(baywy + bagws + bozws) (Definitions of b;;)

= bi1ai1wi + biaajws + bigaiws + bagaswy + bogasws + basasws (Commutativity in IF)
= b11 f11(a1v1 + agua) + ... + bag faz(a1v1 + agva) (Definition of the f;;)
= b11f11(v) + b12f12(v) + b1z f13(v) + ba1 fa1(v) + baa fa2(v) + baz fa3(v) (Definition of v)

= (b1 f11 + bi2f12 4 b1z fi3 + ba1 for + baa foo + bas fa3)(v) (Operations in W)

Therefore for each v € V, we have that

f() = (b1 fi1 + biafiz + bizfiz + ba1 for + baa faz + b2z fa3)(v),



(a)

(b)

SO
f=0bi1fi1 + biafi2 + b1z fiz + b21 fo1 + D22 faz + bas fos.

Therefore f is a linear combination of the f;;, so the set { f11, fi2, fi3, f21, f22, fo3} spans L(V, W).

We have shown that {f11, f12, f13, f21, fa2, f23} is linearly independent and spans £(V, W), so it is a
basis for L(V, W).

The space £(V, W) has a basis of length 6, so dim(L(V, W)) = 6.
To show that ~ is an equivalence relation, we need to show that it is reflexive, symmetric, and transitive.

Let v be any element of V. Then v — v = 0, and 0 is in W because W is a subspace of V. Therefore
v~ .

Let v, w be any two elements of V' with v ~ w. Then (v — w) € W. The space W of V is closed under
scalar multiplication, so — (v —w) = (w —v) is an element of W. (You should be familiar enough with the
field and vector space axioms to verify manipulations like this one if necessary). If (w — v) is an element
of W, then w ~ v. We have shown that if v ~ w then w ~ v.

Let u, v, w be any three elements of V' with w ~ v and v ~ w. Then (v — v) and (v — w) are elements of
W. But W is a subspace of V, so is closed under addition, so (v — v) + (v — w) = (v — w) is an element
of W. Therefore u ~ w.

We have shown that ~ is reflexive, symmetric, and transitive, so it is an equivalence relation.

An element v of V is in the equivalence class [0] if and only if v ~ 0. But this is equivalenttov — 0 = v
being an element of . Hence the equivalence class [0] is exactly W.

We define addition and scalar multiplication on V/W as follows. Let [v] and [w] be arbitrary elements of
V/W and a be any scalar. Define [v] + [w] to be [v + w] and a[v] to be [av]. Firstly, we need to show
that these operations are well-defined, that is, that the result does not depend on the representatives v and
w chosen.

Let v" and w’ be any representatives of the equivalence classes [v] and [w]. Then (v' — v) € W and
(w' —w) € W. We need to show that the equivalence classes [v] + [w] = [v+w] and [v'] 4+ [w'] = [v' + /]
are the same. But (v' + w') — (v + w) = (v/ — v) + (v’ — w), which is an element of W because W is
closed under addition. Hence the sum of two equivalence classes does not depend on the representatives
chosen.

Let v’ be any representative of the equivalence class [v]. Then (v/ — v) € W. We need to show that the
equivalence classes a[v] = [av] and a[v’] = [av'] are the same. We have that av’ — av = a(v’ — v), which
is in W because W is closed under scalar multiplication. Therefore the multiple of an equivalence class
by a scalar does not depend on the representative.

We have shown that our addition and scalar multiplication of equivalence classes are well defined. Now
we need to show that V/W is a vector space over F with these operations. Let [u], [v] and [w] be arbitrary
elements of V/W, and a and b be any scalars.

e Associativity of addition:
[
[
= [u+ (v+w)] (Addition in V is associative)
[
[

Therefore addition in V/W is associative.



o Commutativity of addition:
= [v+ ] (Addition in V' is commutative)

Therefore addition in V//W is commutative.
e Additive identity:
For each [v] € V/W,

Likewise, [0] + [v] = [v]. Thus [v] + [0] = [0] + [v] = [v], so [0] is an additive identity for V/W .
o Additive inverses:

For each [v] € V/W,
[v] + [=v] = [v+ (=v)] = [0].

Likewise, [—v] + [v] = [0]. Thus [v] + [—v] = [—v] + [v] = [0], so [—v] is an additive inverse of [v]
in V/W. Hence each element of V/W has an additive inverse.

e Distributivity over vector addition:
a([u] + [v]) = a(fu+v])
= [a(u +v)]
= [au + av] (Distributivity in V)
= [au] + [av]
= alu] + a[v]
Therefore a([u] + [v]) = au] + a[v] for each a, [u] and [v].
e Distributivity over scalar addition:
(a+0)[v] = [(a+ b)v]
= [av + bv] (Distributivity in V)
= [av] + [bv]
= afv] + b[v]
We have shown that (a + b)[v] = a[v] 4 b[v] for each a, b and [v].
o Compatibility of multiplication:
(a(b[v])) = albu]
= [a(bv)

(ab)v] (compatibility of scalar multiplication in V)

We have shown that a(b[v]) = (ab)[v] for each a, b and [v].
e Scalar multiplication by the identity:
Let 1 be the multiplicative identity of F. Then 1[v] = [1v] = [v], as lv = vin V.

We have checked each of the vector space axioms, so V/W is a vector space over IF, as required.



(©

(d)

(a)

Let the dimension of V' be n and the dimension of W be m. As suggested in the hint, let {wy, wa, ..., Wy, }
be a basis of W, and extend it to a basis {wy, wa, ..., Wpm, U1, U2, ..., Up—m} of V. We will show that
{[u1], [uzl, - - - [Un—m]} is a basis of V/W.

Let [v] be any element of V//TW. Then v is an element of V, so can be written as
V= aiwi1 + QW + ...+ AWy, + 01U + bots + ...+ by Un— -

Let w = ajwy + asws + ... + GpWyy,. Thenw € W, so v ~ (v — w). Therefore

[v] = [v — w]

= [blul +baug + ...+ bn—mun—m]

=b [uﬂ + bQ[Ug] +...+ bn,m[un,m]
Therefore any element [v] of V/W is a linear combination of {[u1], [uz2], ..., [tn—m]}, so this set spans
V/W.
Now, assume that

bifur] 4 balua] + ... 4 by [tn—m]| = [0].
Then
[blul + boug + ...+ bn,mun,m] = [0]

We know that [0] = W, and {w1, ws, ..., wy} is a basis of W. Hence there are a1, as, . . ., a,, such that

biur + boug + ...+ by Up—p, = W1 + A2W2 + - -+ AWy,
This is equivalent to
—Q1W1 — QW9 — ** * — AWy + b1u1 +botts + ... + by Uy, = 0

But {wy,wa, ..., Wpn, U1, Us, ..., Un_m} is a basis of v, so each a; and each b; are equal to 0.

‘We have shown that if
by [ul} + bQ[UQ] + ...+ bn—m[un—m] = [O]

then each b; is equal to 0, so the set {[u1], [uz], ..., [un—m]} is linearly independent.
The set {[u1], [uz], - - ., [un—m]} is linearly independent and spans V/W, so it is a basis for V/W.
The space V/W has a basis of length n — m = dim(V') — dim (W), so

dim(V/W) = dim(V) — dim(W).

The quotient space V/W is comprised of cosets of W in V. That is, translated copies of W. The elements
of V/W are the lines in R? of gradient +1. Two such lines are added by choosing a point on each line,
adding those as usual in R?, and taking the line of gradient +1 through the resulting point. Likewise, a line
is multiplied by a scalar by multiplying any point on the line by that scalar and taking the line of gradient
+1 through the resulting point.

Let
v = (11Z71+170)
ve = (—i,1,1—14,0)
and
v3 = (1—1i,141,2,0).
Note that v = —i - v1 and v3 = (1 — %) - v1. Therefore

Span(vy,v9,v3) = Span(vy).



The vector vy is nonzero, so Span(v;) is one-dimensional. Thus {vy,v2,v3} spans a one-dimensional
subspace of C*.

(This result depends on the field of scalars being C. It is also possible to consider C* as a vector space
over R, in which case the subspace would be two-dimensional. If this was intended, though, it would have
been explicitly stated. The vector space C* without further qualification is a vector space over C.)

(b) The functions sin(z) and sin(z+ %) are both nonzero. There are many ways to see that neither is a multiple
of the other — for example, only the former is zero at x = 0 and only the latter is zero at z = —%. Hence
these two functions span a subspace of C°(R, R) that is at least two dimensional.

But for any 6, the function
sin(z + 0) = cos(0) sin(x) + sin(0) cos(x)

is a linear combination of sin(z) and cos(z). Hence any function sin(x + 6) is contained in the two
dimensional subspace of C°(R, R) spanned by cos(z) and sin(x).

Therefore the subspace of C°(R,R) spanned by sin(z), sin(z + %) and sin(x + %) is exactly the two

dimensional subspace of C°(R, R) spanned by cos(z) and sin(x).

5. Let a and b be the sequences
a=(1,0,1,-1,2,-3,5,-8,13,...)

and
b=1(0,1,-1,2,-3,5,—-8,13,-21,...)

defined by
(al, ag) = (1,0) and (bl, b2) = (O, 1)

and satisfying u; 12 = u; — u;4; for each <.

We will show that {a, b} is a basis for U. Each of a and b is in U, by definition. They are both nonzero and
neither is a multiple of the other, so the set {a, b} is linearly independent.

Let u = (uy,us,us,...) be any element of U. Then u — uja — usb = (0,0, (uz — uyasz — uzbs),...) is an
element of U. But by a trivial induction, if the first two terms of a sequence in U are zero, then all of its terms
are zero. Therefore u = uja + usgb, so the set {a, b} spans U.

Therefore {a, b} is a basis for U, so U is two dimensional.
Let W be the set of sequences of the form
w = (0,0, ws, wy, ws, ... ).
It is clear that W is a subspace, because the property that the first two terms are zero is preserved by addition
and by scalar multiplication, and there are plenty of sequences with the first two terms zero.

Consider any element of U N W. This is a sequence whose first two terms are zero, and which satisfies u; 2 =
u; — u;41 for each 7. As noted above, this must be the zero sequence, so U N W = {0}.

Consider any element x = (x1, X2, 3, X4, ... ) of R>. Then (z1a+x2b) is an element of U and z — (z1a+22b)
is an element of W, so x € U + W. Therefore U + W = R*°.

We have shown that U + W = R and that U N W = {0}, soR* =U & W.
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