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Book problems:

3. The claim is true. Let U be any subspace of V other than {0} and V itself. Then U has a basis {u1, ua, ..., um}.
We have that m > 1, because U # {0}. Extend this to a basis of V,

{ulau2a sy Um, V1,02, .. 7vn—m}~
We have that (n —m) > 1, because U # V.

Define a linear operator T by T'(u1) = vy, T'(u;) = 0 for each ¢ > 2, and T'(v;) = 0 for each i > 1. (Recall
that there is a unique linear operator defined by a given action on each element of a basis). The operator 7" does
not fix the subspace U, so if U is not equal to {0} or to V, then U is not fixed by every linear operator on V.

Therefore if U is fixed by every linear operator on V, then either U = {0} or U = V, as required.
4. Let X be any element of IF and let v be any element of ker(T'— AI). It suffices to show that S(v) € ker(T — AI).

(T = AD)(S(v)) = T(S(v)) = A(S(v))
= 5(T(v)) = A(S(v)) (T'S = ST)
= S(T(v)) — S(AI(v)) (S is linear)
= S(T(v) — M (v)) (S is linear
— S((T = AD)(v)
= 5(0) v € ker(T — AI)
=0 (S is linear

Therefore S(v) € ker(T — AI), so the subspace ker(T — AI) is invariant under S, as required.
7. Leteq,es,...,e, be the standard basis vectors. We will show that the set
{ea —e1,e3 —€9,...,n —€p_1,€1+e2+ ...+ ey}
is linearly independent.
Assume that
ai(ea —e1) +as(es —ea) +...+apn—1(en —ep—1) +an(er +ea+...+¢,) =0.
Rearranging, we get that

(an —ar)er + (an + a1 —az)es + (an +az —az)es+ ...+ (an + apn_o — an_1)en—1 + (an + an—1)en. (1)

But the set {e1,ea,...,e,} is linearly independent, so each coefficient of Equation 1 is equal to 0. Hence we
have that a; = a,, and that ay = 2a,, and that ag = 3a,,, ..., and that a,,_1; = (n — 1)a,,. But then we have
that a,, = —a,—_1, so a,, = 0, which gives us that each a; is zero. Hence the set

{62 —e€1,63 —€2,...,6p —€Ep_1,€1 + €2 +~-~+€n}



12.

13.

18.

is linearly independent, as claimed.

A linearly independent set with n elements in a vector space of dimension 7 is a basis. Now the (n— 1) elements
of the form (e — e;_1) are eigenvectors of T' with eigenvalue 0. (You should verify this by actually applying
T to these vectors). The final element of our basis, (e; + e2 + ... + e,,), is an eigenvector of T with eigenvalue
n. (Similarly, you should verify this).

We have a basis of F™ comprised of eigenvectors of T'. With respect to this basis, the matrix of T is diagonal,
so the only eigenvalues of 7" are 0 and n (by Proposition 5.18 of Axler, for example). The O—eigenspace of
T is not all of F", because n is an eigenvalue of 7. Therefore the O-eigenspace of T is at most (n — 1)-
dimensional. But we know that the O—eigenspace of T' contains the span of the (n — 1) linearly independent
vectors {es — e1,e3 — ea, ..., e, — €,_1}. Therefore this is exactly the O—eigenspace of T'. (This can also be
described as the set of vectors whose coordinates sum to zero).

The n—eigenspace of T has dimension at most n — dim(ker(7)) = 1, because the intersection of two distinct
eigenspaces is {0}. Therefore the n—eigenspace of T is exactly the one-dimensional space spanned by (e +
ea+...+ep,).

(This question could also be done by a direct calculation, but some of the theory used here is instructive.)

(The following argument does not assume that V' is finite-dimensional). Consider any two elements v and w of
V. Both v and w are eigenvectors of T'. Let the corresponding eigenvalues be a and b.

If w is a multiple of v, then a = b, as T is linear.

We now consider the case when v and w are linearly independent. The vector (v + w) is an eigenvector of 7.
Therefore T'(v + w) = ¢(v + w) for some scalar c.

‘We have that

T+ w)=cv+w)

av +bw = cv + cw

Therefore a = c and b = ¢, because v and w are linearly independent. Therefore v and w are eigenvectors of T’
with the same eigenvalues. But v and w were arbitrary elements of V, so any element of V' is an eigenvector of
T with the same eigenvalue. Let this eigenvalue be A. Then T'(v) = (AI)(v) for each vector v € V,s0 T = AI,
as required.

Let dim(V') = n. It suffices to show that if T" is not a scalar multiple of the identity, then there is some subspace
U of V withdim(U) = (n — 1) and T(U) € U.

Assume that 7" is not a scalar multiple of the identity. Then from the previous question, there is some vector
v € V which is not an eigenvector of T'. Then the vectors v and T'(v) are linearly independent. Extending this
set {v, T(v)} to a basis of V, we have a basis of V/,

{v,T(v),v1,v2,...,0p-2}.

Let U be the subspace spanned by each of these basis elements other than T'(v), thatis, U = Span(v, v1,va,...,Un_2).

Then dim(U) = (n — 1) and T(U) 3 T(v) ¢ U, so T(U) € U. Therefore U is subspace with the required
properties, so the result is proven.

Let V be the vector space R?, {v1,v2} be any basis of V, and T € L£(V') be the linear transformation whose
matrix with respect to the basis {vq, v} is

M(T, {or,v}) = (? é) .

The matrix of the transformation 72 is

M(T?, {v1,v2}) = (? (1))2 - ((1) (1))
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Therefore T2 is the identity map on V, so T is invertible and its inverse is 7. Thus 7T is an example of the
required form.

Let dim(V') = n. We are given that T has n distinct eigenvalues, so let these be {A1, A2, ..., A, }. For each
i, 1 < ¢ < n, let v; be a nonzero eigenvector corresponding to the eigenvalue \;. We showed in lectures
that eigenvectors corresponding to distinct eigenvalues are linearly independent, so the set {vy,va,...,v,} is

linearly independent. We also have that dim(V') = n, so this set is a basis of V.

We are given that eigenvectors of T" are also eigenvectors of .S, so for each i, 1 < i < n, let u; be the scalar such
that S(v;) = p;v;. Now, let v = av1 + ... + a,v, be an arbitrary element of V. We have that

ST(v) = ST(a1v1 + ... + apvy)
= S(\arvr + ...+ Apanvy)
= p1A1a101 + ... F+ fpAnapvy
=AM 16101 + - .-+ Aplinapvy
=T(pa1v1 + ... + nanvy)
=TS(a1v1 + ... + anvy,)
=T5(v)

We have shown that T'S(v) = ST'(v) foreachv € V,s0 TS = ST.

Other problems:

1.

(a) We need to show that V' is nonempty, closed under addition, and closed under scalar multiplication. Let O
be the zero function. Then 0 € C*(RR, C), and 0” = 0 = —0. Therefore 0 € V.

Let f and g be arbitrary elements of V. Then f” = —f and ¢”’ = —g. We have that

(f+9) =" +¢"
=(=f)+(-9)
=—(f+9)
Therefore (f + g)” = —(f + g), so (f + g) € V. Hence V is closed under addition.
Let f be any element of V" and a be any element of C. We have that f”/ = —f, so
(af)" = a(f")
a(=f)
=—(af)

Therefore (af)” = —(af), so (af) € V. Hence V is closed under scalar multiplication.

We have shown that V' is nonempty, closed under addition, and closed under scalar multiplication, so V is
a subspace of C*(R, C), as required.

(b) We know that the derivative of sin(z) is cos(z), and that the derivative of cos(x) is — sin(z). Therefore
the second derivative of sin(x) is — sin(x) and the second derivative of cos(z) is — cos(z). Further, both
sin(z) and cos(x) are infinitely differentiable, with derivatives just cycling through positive and negative
sin(x) and cos(x). Therefore both sin(z) and cos(z) are in C*°(R, C), and then in V.

Assume that a sin(z) + bcos(z) = 0. Then
asin(0) + bcos(0) = 0(0)

a-0+b-1=0
b=0
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(d)

(a)

Likewise,

asin(g) +bcos(g) = O(g)
a-1+b-0=0
a=20

We have shown that if a sin(x) + bcos(x) = 0, then @ = b = 0. Therefore sin(z) and cos(x) are linearly
independent. We have assumed that the vector space V" has dimension at most 2. But V' contains a linearly
independent set of size 2, so it has dimension at least 2. Therefore the dimension of V' is exactly 2, so the
linearly independent set {sin(z), cos(x)} is a basis of V, as required.

Let f = asin(z) + bcos(x) be any element of V. Then

D(f) = a(sin(z)") + b(cos(x)")
= acos(z) — bsin(x)

Therefore for any f € V, D(f) € V. Hence V is an invariant subspace for D.
Let f and g be defined as follows:

The functions f and g are linear combinations of cos(z) and sin(x), so are in V. Note that D(f) = i f and
D(g) = —ig, so f and g are eigenvectors of D with eigenvalues 7 and —i. Eigenvectors corresponding
to different eigenvectors are linearly independent, so f and g are linearly independent. The space V' has
dimension 2, so the set { f, g} is a basis for V' consisting of eigenvectors of D.

We will first prove that 7™ is a linear map from W* to V*. Let f and g be arbitrary elements of W* and a
be any scalar. Then for any element v € V', we have that

(T*(f + 9)(w) = (f +9)(T(v))
= f(T(0)) +9(T(v))
= (T*(N)(w) +(T"(9))(v)
= (T°(f) + T"(9))(v)

We have shown that (T*(f + g))(v) = (T*(f) + T*(g))(v) for each v € V. Therefore the functions
T*f+ gand T*(f) + T*(g) are equal.

Likewise, for any element v € V, we have that

We have shown that (T*(af))(v) = (aT*(f))(v) for each v € V. Therefore the functions T*af and
a(T*(f)) are equal. Hence T is linear, as required.

Now, consider any 7:V — W and S: W — U. Then T is a map from W* to V* and S* is a map
from U* to W*, so the composition 7*S* is a map from U* to V*. We also have that ST is a map from
Vto U, so (ST)* is a map from U* to V*. Therefore T*S* and (ST')* are both maps from U* to V*, so
to prove that they are equal, we just need to check that they agree on each element of U*.

Let f be any element of U*. We need to show that T7*S*(f) = (ST)*(f). Both of these are elements of
V*, so to show that they are equal, we need to show that they agree on any element v of V. We have that
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foranyv e V,

Hence T*S*(f) = (ST)*(f) for each element f € U*, so T*S* = (ST)* as required. (Make sure that
you’re comfortable with this calculation, as there’s quite a bit going on. Can you identify which set each
term is in?)

Let the dual bases for V* and W* be {v],v3,..., v} and {w}, w3, ..., w},}. The matrix of T with
respect to these bases is defined as follows. We write 7 (w;’) as a linear combination of the {v} }, and the
coefficients form the ith column of the matrix.

Each T*(w}) is an element of V*, that is, a function from V' to IF, so is determined by its action on an
arbitrary element v of V. Let the matrix of 7" with respect to the bases {v;} and {w,} have (i, j)—entry
ai;. Letv = byvy + ... 4 by, be any element of V. Then

(T (w7))(v) = wi (T)
=w; (T (v1)+ ...+ b,T(vy))
=byw; (T(v1)) + ...+ bpw} (T (vy))
=bw(anwy + ...+ amiwm) + ... + bpw (a1pwy + ... + CGmpwm))
=bia;1 + ... +bpain
=a;1v7(v) + ...+ apvs(v)

(ainvi + ...+ apnv))(v)

‘We have shown that
(T"(w7))(v) = (@i1vy + ... + aimvy,)(v)

foreachv € V, so
T*(w]) = ajvy + ...+ apv).

Therefore the ith column of the matrix of 7 with respect to the bases {w}} and {v}} is (a1, -, @in)-
But this is the ith row of the matrix of 7" with respect to the bases {v; } and {w; }. Therefore, with respect
to these bases, the matrix of 7™ is the transpose of the matrix of 7". That is, the (¢, j)—entry of the matrix
of T is equal to the (j, ¢)—entry of the matrix of T'.

If the matrix of 7" is upper triangular with respect to the basis {v1, ..., v, }, then by the result of the pre-
vious part, the matrix of T+ with respect to the basis {vf, ..., v} is the transpose of this upper triangular
matrix, so is lower triangular.

Therefore for each 7, the only nonzero entries in the ith column of the matrix of 7™ are those in the 7th row
and below, so
T*(vi) € Span(v],viyq,...,vp).

rn

By Proposition 5.12 of Axler, the set {vX, v _4,...,v5,v]} is a basis with respect to which the matrix of
T* is upper triangular. Indeed, the (i, j)—entry of this matrix is equal to the (n +1 —i,n+ 1 — j)—entry of
the matrix of T* with respect to the basis {v}, v3, ..., v} (Could you prove this, if required?). Therefore
the diagonal entries are just reordered.

The eigenvalues of T are the diagonal entries of the matrix for 7', by Proposition 5.18 of Axler. These
diagonal entries are preserved under transposition and then reordered under the change of basis, so our
matrix for 7 has the same diagonal entries as the matrix for 7', just in a different order. Using Proposition
5.18 of Axler again, the eigenvalues of 7™ are the same as the eigenvalues of 7.



3. (a) Let v be any fixed element of V. To show that eval, is linear, let f and g be arbitrary element of V* and
let a be any scalar. Then we have that

eval, (f +g) = (f +9)(v)
= f(v) +g(v)
eval, (f) + eval, (g)

Likewise,

evaly(af) = (af)(v)
=a(f(v))
= aeval,(f)

We have shown that eval, (f + g) = eval,(f) + eval,(g) and that eval,(af) = aeval,(f). Therefore
eval, is a linear map.

(b) The codomain of E is V**. In order to show that two elements of V** are equal, we just need to check
that they are equal on each element of V' *. Let u and v be arbitrary elements of V' and let a be any scalar.
For any f € V*, we have that

(E(u+2))(f) = evaluty(f)
= f(u+v)
= f(u) + f(v) (f is linear)
= evaly(f) + eval,(f)
= (Ew))(f) + (E@))(f)

and that

(E(av))(f) = evalay(f)
= f(av)
=af(v) (f islinear)
= aeval,(f)
= (aE(v))(f)

We have shown that for each f € V**,
(E(u+0))(f) = (E@)(f) + (E())(f)

and
(E(av))(f) = (aE())(f)-
Therefore E(u + v) = E(u) + E(v) and E(av) = aE(v), so E is linear.

(c) Let v # 0 be any nonzero element of V. We will show that F(v) # 0, so F is injective. (Can you show
that this implies injectivity for a linear transformation?)

Extend the set {v} to a basis {v = vy, va,...,v,} of V. Consider the dual basis of V* defined in the
previous question. Then (E(v))(vy) = vi(v) = 1, so E(v) is not the zero function in V**. Therefore the
kernel of E' is {0}, so E is injective.

(d) The linear transformation E has domain V' and codomain V**. We showed in Homework set 2 that the
dimension of W* is equal to the dimension of W for any vector space W, so the dimension of V** is
equal to the dimension of V*, which is equal to the dimension of V. Therefore the vector spaces V' and
V** have the same finite dimension. Let dim(V') = n.
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By the rank-nullity theorem, the image of E has dimension n, because F is injective so its kernel is {0}.
Therefore the image of F is a dimension n subspace of V**, which has dimension n, so the image of FE is
all of V**. (Can you prove this? It’s been used in several homework sets so far). Therefore E is surjective.

Let I be the identity map from V' to V. We have that the composite map I'7'] is equal to T'. Thus
M(T {vi}) = MUITI,{vi})
The matrix of a composition of maps is the product of the matrices corresponding to those maps. Therefore

M(T,{vi}) = ML, {vi}, {wi ) M(T, {wi ) M(I, {wi}, {vi})- 2

Likewise, we have that I - I = I, so M(I,{v;}, {w;})M(I,{w;},{v;}) = 1d,,. Therefore the matrix
M(I,{v;},{w;}) is invertible and its inverse is M (I, {w;}, {v;}).

Hence Equation 2 is of the form
M(T, {v;}) = CM(T, {w;})C~!
for some n x n matrix C.

Therefore the matrices M (T, {v;}) and M(T, {w;}) are similar, as required.

To find the eigenvalues and eigenvectors of 7', we solve the equation T'v = Av. Letv = (g) dfTv =M

() =)
(23 -C)

then we have the following:

Therefore we have that

So

-\ -
4a7+72 x:)\72 T
(A2 =8\ +15)z =0

(A—3)(A—5)z =0

Now, we check that T' <(1)) = <_12) # A <(1)) NYJ <?> is not an eigenvector of 7" and hence we may

assume that  # 0. Therefore the eigenvalues of 7" are A = 3 and A = 5. We have that
T—A
2

Y= T,

. ) and those corresponding to A = 5 are <m) .

so the eigenvectors corresponding to A = 3 are (2x .

Let v = (é) and vy = ((1)) be the standard basis for R2. We have showed that w; = (;) and

wo = 1 are eigenvectors of T, and they are linearly independent therefore they are a basis of R2.

Hence {wy,ws} is an eigenbasis of R? for T'. We have from the previous part that

M(Tv {Ui}) = M(Ia {wz}7 {vi})ilM(T’ {’LUZ})M(I, {wz}7 {vz})



By definition,
7T =2
M(T, {v;}) = (4 1 ) .

Note that wy, = v + 2v and that wy = v1 + vo. Therefore
1 1
We know that {w1, w2} is an eigenbasis for T', so
3 0
Putting these all together, we have that
7 -2\ (1 1\ /3 0\ /1 1
4 1) \2 1 0 5)\2 1/°

This equation shows that the matrix of 1" with respect to the standard basis is similar to a diagonal matrix.



