Math 171 Midterm Examination

May 1, 2014
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Directions:

1. This is an open book/open notes exam, but you may not use the internet during the
exam.

2. Your signature above indicates that you accept the University Honor Code.

3. Write your solutions on the exam sheet; you may use the back side of a page if you run
out of space. Throughout the exam you should give complete and clear proofs of your
statements, justifying your steps. If you are using a particular theorem, be sure to
state clearly what you are using. If you have a question about what you may assume
without proof, please be sure to ask.

4. You have 2 hours to complete this test. It has 5 problems worth a total of 50 pts.

5. Good luck!




Problem 1. Let {a,} be a sequence of real numbers.

(a) (5 pts) Assume that there is a number € > 0 such that |a, — an| > € for n #m
Show that for any number R > 0 the set {n : |a,| < R} is finite.
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(b) (5 pts) Suppose for each positive integer n we have |a,11 — a,| < 27" Show that
the sequence converges.

. N % i
\ s ) I IR S R T
%”\-V\;\—M LAy | T i "

\—»‘V\ l/}; _’;\ }"V‘\

Cj b;;:{M\ % Y
g; oL Hm2 N

) Y
s L'\,{;‘j\}{ \ [& e P iL Mij V/\}
it & H\ . Q/W\}) a,mgi wav{ (NNE Lii’;j}x M:{ L{ Y ;@M\{)O UL/
C,ri ¥ i Xﬁ’bf&i/{:f




Problem 2. Let (M, d) be the metric space with M = [1,00) and d(z,y) = |+ — %’ |

(a) (7 pts) Show that a subset O C M is open if and only if O is an open subset of
[1, 00) with its usual distance function. (You may assume that if d(z,y) < (2z)71,
then |z —y| < 2x2d(:c y).) b
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(b) (3 pts) Show that the set of positive integers is a closed bounded subset of M
which is not compact.
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Problem 3. (a) (7 pts) Suppose M is a metric space, A is a subset of M, and f is a uniformly
continuous real valued function defined on A. Show that there is a continuous
function f on A such that f(z) = f(z) for z €A
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(b) (3 pts) Give an example of a bounded continuous function on (0,1) which is not

uniformly continuous. Justify your answer.
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~ Problem 4. (10 pts) Let M; and M, be metric spaces and let f be a map from M; to_M,. Show
- that f is continuous if and only if for all subsets A of M; we have f(A) C f(A).
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Problem 5. Let M be a compact metric space. Suppose, for some positive integer n, we have
nonempty closed subsets Fi, ..., F, such that F; N F; = ¢ for i # j, and such that

M = Ul F;. Let n(M) be the maximum such integer n. We take n(M) = oo if n can
be aribtrarily large. ‘

(a) (7 pts) Suppose that for all z € M there excists €> 0 such that B. (z) is connected.
Show that n(M) is finite.
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(b) (3 pts) Give an example of a compact metric space M with n(M) =
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