Homework 1

ExERCISE 1. Show that the induced topology (for a subset X C Y of a topological space Y) and the quotient
topology (for a surjection X — Y from a topological space X onto a set Y) satisfy the axioms of a topological
space.

Solution. Since (), Y C Y are open in Y, the intersections ) = ) N X and X = Y N X are open in X. Given a
family (Uy) of open sets in X write Uy = Vi N X for open sets V C Y and observe that

UUa =JVanX) =x0JVa
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is open in X since | J, Vi is open in Y. Similarly, given a finite family (U;) of open sets in X write U; = V;N X

for open sets V; C Y. Then
U=Vinx) =xn(V
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is open in X since (), V; is open in Y.
Let t: X — Y be surjective. We have 7 1()) = @ and t~(Y) = X and so (), Y C Y are open in the
quotient topology. Let (Uy) be a family of open sets in Y. Then

() = U ()
X X
is open in X and therefore | J, Uy is open in Y. Similarly, given a finite family (U;) of open sets in Y the
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is open in X. Hence, (), U; is open in Y.

EXERCISE 2. Show that the topological spaces S C R? (with topology induced by the inclusion into R?) and
[0,1]/{0, 1} (with the quotient topology from the topology on [0, 1] C R) are homeomorphic.

Solution. Consider the continuous function f: [0, 1] — S! defined by f(¢) = (cos(27tt), sin(27t)). Because
£(0) = (1) this descends to a continous function g: [0, 1]/{0,1} — S which is bijective. Furthermore,
[0,1]/{0, 1}, being the continuous image of [0, 1], is compact and S' is Hausdorff because R? is. It follows
that g is a homeomorphism.

EXERCISE 3. Prove that S', with either topology considered above, is a topological manifold.

Solution. As a subspace of R? the circle S' is Hausdorff and second countable. It remains to show that it
is locally Euclidean. For this it suffices to show that [0, 1]/{0, 1} is locally Euclidean. Let p € [0, 1]/{0, 1}.
If p = [q] for q € (0,1) then the projection (0,1) — (0,1)/{0,1} C [0,1]/{0, 1} is a homeomorphism.
If p = [0] = [1], observe that the map ¢: [0, 1]/{0,1} — [0,1]/{0, 1} with @([x]) = [x + 1/2 mod 1] is
continuous and @ (¢@([x])) = [x]. Hence ¢ is a homeomorphism and ¢(p) = [1/2]. Since [0,1]/{0,1} is
locally Euclidean at [1/2] this implies that it is also locally Euclidean at p.

ExERCISE 4. Show that the derivative of a function f: R" — R™, if it exists at a point a € R", is unique.
Solution. Assume that L; and L, are both derivatives of f at a. This means that

fla+h) = f(a) + Li(h) + o(||l])
and

fla+h) = f(a) + Ly(h) + of[|rl])



as h — 0. Let v € R" with ||v|| = 1 and let ¢ > 0. Then

fla+ev) - f(a) = (fla+ev) — f(a)) + o(e)
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Li(v) — Ly(v) = = o(1)

as € — 0, that is L;(v) = Ly(v). If ||v|| # 1 and v # 0 then this implies
Li(v) = [VILs(v/[[¥]) = [Vl Lo (v/[IV]]) = La(v)-
It follows that L; = L,.

ExERCISE 5. Produce, with proofs, examples of the following topological spaces which are not topological
manifolds:

(i) A space X which is locally Euclidean and second countable, but not Hausdorff.

(ii) A space X which is Hausdorff and second countable, but not locally Euclidean.

Solution. The standard example of a space X which is locally Euclidean and second countable but not
Hausdorff is the “line with two origins”. It is obtained by identifying two copies of R along R . {0}. Let 0
and 0’ denote the two origins in X. The quotient map R LI R — X restricted to each of the two copies of
R is a topological embedding. Therefore X is second countable and locally Euclidean. However, any open
neighbourhood of 0 intersects any open neighbourhood of 0’ in X. Hence, X is not Haudorff.

For (ii), let X = R x {0} U {0} x R C R? be the union of the coordinate axes in R?. Then X is Hausdorff
and second countable. If X were a topological manifold, its dimension would have to be 1 by Brouwer’s
invariance of domain. In particular, given any small enough open ball U centered at 0 in R?, the intersection
U N X would have to be homeomorphic to an open interval I C R. But removing any single point from I
results in a space with two path components while removing the origin from U N X results in a space with
four path components. This contradiction shows that X cannot be locally Euclidean around 0.

EXERCISE 6. Let " = {(x1, ..., Xnt1) : X2 + -+ + x2,, = 1} C R""'. Prove that 5" has the structure of a
smooth manifold, using charts associated to the cover Uy = {x; # +1}, Us = {x; # —1}.
Solution. Take the stereographic projection

1
ON: UNHRm(xl?"'axn—i-l)}—)l * (x2>"'7xn+1)
- Al
with inverse )
Rn — UN,X = (xl, .. .,xn) — W(HXHZ — 1,2x1, .. .,2xn).

Both of these are continuous so we obtain a chart (Uy, @n). Similarly,

1
Qs USHR”,(Xl,...,Xn_i_l) — 1 +x1 (.X'z,... ,X,H_l)
with inverse .
_ 2
R — Us, x = (x1,. .., %) — THXHZ(l — ||x[|%, 2x1, - . -, 2xp)

defines a chart (Us, @5s). We compute the transition maps as

on(pg'(x) = HXIHZ cx = @s(py'(x)), forx #0.

Hence, all transition maps are smooth and we have defined a smooth atlas on S".

EXERCISE 7. Prove that the antipodal map f: 5" — S", x —— —x is a diffeomorphism of manifolds.



Solution. Since f? = id we only need to check that f is smooth. Let p = @' (x) € Uy (in the notation of the
previous exercise). Then f(p) € Us and

1 1
(ps(f((p;,l(x))) = 1—|[«[12 2

(—=2x1,...,—2x,) = —x

is a smooth function of x € R". The case p € Us is entirely analogous. Hence, f is a smooth function
St — S

EXERCISE 8. Let h be a continuous real-valued function on S' = {x? + y*> = 1} C R? satisfying h(0,1) =
h(1,0) = 0 and h(—x;, —x;) = —h(x;, x). Define a function f: R? — R by

flx) = {HX\ “hx/||x]l) x#0

0 x=0.

(i) Show that f is continuous at (0, 0), that the partial derivatives of f at (0,0) are defined, and that more
generally all directional derivatives of f are defined.
(ii) Show that f is not differentiable at (0, 0) except if h is identically zero.
Solution. Since S! is compact and h is continuous, there is some C € R such that |h(x)| < Cforall x € S'.
Hence,
fFI < Clix]| —0

as x — 0 and therefore f is continuous at 0. Given v € R? \. {0} we compute the directional derivative of f
at 0 in the direction of v as

tim L&) _ gy [ElVIACev/lleviD) _ o ellvilACo/IvID [v[|B(v/ || v]))-

e—=0 € £—0 3 £—0 £

In particular, all directional derivatives of f exist at 0.
However, assuming that f is differentiable at 0, by the chain rule we would have

h(v) = 04f(0) = v101£(0) 4 v232£(0) = 0
for all v € S.

ExERCISE 9. Finish the proof from class that RP" is a smooth manifold of dimension n.

Solution. In homogeneous coordinates let U; = {[xo : - - - : x,] : x; = 1} C RP". Then the map @;: U; — R"
with @;([x0 : -+ : xp]) = (x0/xi, . . ., Xn/xi) is @ homeomorphism. Since RP" is covered by a finite number
of charts it is automatically second countable. To check that it is Hausdorff, observe that using a linear
automorphism of RP" we can move any two points of RP"to [1:0:0:---:0]and[1:1:0:---:0].
Both of these lie in Uy and therefore can be separated by open sets. Pulling these open sets back along the
automorphism shows that RP” is Hausdorft.

Finally, we need to look at the transition maps to check that RP” is smooth. We compute
—1

~ X0 Xj—1 1 Xi+1 X
Qi@ (%0, Xy ooy X)) = @il[x0 ot X X)) = <Jq,...,;i,xi,;i,...,}:>

which is smooth for x; # 0.

EXERCISE 10. Finish the proof from class that T? = R?/Z? is a smooth 2-manifold.



Solution. The quotient map R? —s R?/Z? is open. Therefore, T? is second countable. Furthermore, given
any two distinct points x, y € T? we can choose p, g € R? such that [p] = x, [q] = y and p and q lie in
the interior of a rectangle U with sidelength 1. Then the quotient map R? — R?/Z? restricted to U is a
topological embedding and we can separate p and g by open sets in U. The images of these open sets will
then separate x and y in T2

To see that T? is a smooth manifold, let x = [p] € T? and consider U, = p + (—1/2,1/2)?> C R? Since
Uy is an open rectangle with sidelength 1, the restriction of f: R? — T? to Uy is a topological embedding.
Therefore, there is a homeomorphism @, : f(Uy) — U, and the collection {(f(Uy), ©x)} e is an atlas for
T2. The transition maps are just the identity, hence this is a smooth atlas.



