
Homework 6

Exercise 6.1.
(i) LetV be a vector space over R with an inner product 〈_, _〉 : V ×V R. Extend this inner product to

the exterior algebra
∧•V by setting

〈v1 ∧ · · · ∧vs ,w1 ∧ · · · ∧wt 〉 B



0 s , t

det(〈vi ,w j 〉) s = t .

Check that this gives a well-de�ned symmetric bilinear map. Moreover show that if e1, . . . , en is an
orthonormal basis for V , then {ei1 ∧ · · · ∧ eik : k ≤ n, i1 < · · · < ik } is an orthonormal basis for

∧•V .
(ii) LetV be a vector space of dimension n. Recall that in class we de�ned an orientation of V to be a choice

of connected component of the topological space
∧nV r {0}. IfV is an oriented vector space which has

an inner product 〈_, _〉, then there is a linear transformation, called the Hodge star operator,

? :
∧•V ∧•V .

To de�ne it, note �rst that there is a unique non-zero vector ω ∈
∧topV with ‖ω‖ =

√
〈ω,ω〉 = 1 lying

in the component determined by the orientation σ . Call this element ω the volume form of V induced
by the orientation and inner product.
Now, the element ω induces linear maps volω :

∧nV R and volω :
∧•V R sending ω to 1 and

all other degree k wedges to zero. Hence, we get a map∧•V (
∧•V )∗

sending α to the functional volω (α ∧ _). Finally, using 〈_, _〉 one identi�es (
∧•V )∗ �

∧•V . De�ne ? to
be the isomorphism induced by the composition

? :
∧•V (

∧•V )∗
∧•V .

Observe that ? restricts to maps
∧kV ∧n−kV for each k , where n = dim(V ). Prove that, on

∧pV ,

?? = (−1)p (n−p ) .

(iii) Prove that for arbitrary v,w ∈
∧pV , their inner product is given by

〈v,w〉 = ?(w ∧?v ) = ?(v ∧?w ) = 〈?v,?w〉.

(iv) Let V = R3 equipped with its standard Euclidean inner product. Let {e1, e2, e3} denote the standard
basis. Pick an the orientation on V determined by the volume element e1 ∧ e2 ∧ e3. This determines a
Hodge star map ? as above. Compare the map

R3 × R3 ∧ ∧2R ?
R3

to the cross product of vectors in the usual sense.
Solution.

(i) The map φ : V ×k ×V ×k Rk×k with φ ((vi ), (w j )) = (〈vi ,w j 〉)i j is multilinear and evidently satis�es
φ ((w j ), (vi )) = φ ((vi ), (w j ))

T . The compositionψ = det ◦φ therefore is symmetric under interchanging
(vi ) and (w j ) and for �xed (w j ) or �xed (vi ) respectively it is an alternating map because det is. It
follows that φ descends to the symmetric bilinear form

∧•V ×∧•V R described in the question.
Consider the scalar product

〈ei1 ∧ · · · ∧ eik , ej1 ∧ · · · ∧ ejk 〉 = det(〈eis , ejt 〉)st = det(δis , jt )st .
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The Leibniz formula for the determinant implies that this is equal to∑
σ ∈Sk

sign(σ )δi1, jσ (1) · · · δik , jσ (k ) = δi1, j1 · · · δik , jk

because i1 < · · · < ik and j1 < · · · < jk . That is, {ei1 ∧ · · · ∧ eik : k ≤ n, i1 < · · · < ik } is an orthonormal
basis for

∧•V . The existence of this orthonormal basis immediately implies that 〈_, _〉 is non-degenerate.
(ii) The set {ei1 ∧ · · · ∧ eip : i1 < · · · < ip } is a basis of

∧pV . Let ip+1 < · · · < in be such that {i1, . . . , in } =
{1, . . . ,n}. Then volω (ei1 ∧ · · · ∧ eip ∧ eip+1 ∧ . . . ein ) = ±1. We conclude that

?(ei1 ∧ · · · ∧ eip ) = ±eip+1 ∧ · · · ∧ ein .

That is, up to a sign, ? sends an orthonormal basis to an orthonormal basis. Therefore ? is an isometry.
Let α , β ∈

∧pV . Then

〈α , β〉 = 〈?β ,?α〉 = volω (β ∧?α ) = (−1)p (n−p ) volω (?α ∧ β ) = (−1)p (n−p )〈??α , β〉.

Since 〈_, _〉 is non-degenerate, it follows that ?? = (−1)p (n−p ) on
∧pV .

(iii) Using ?ω = 1 and ?1 = ω we compute

〈v,w〉
(ii)
= 〈?v,?w〉 = ?(〈?v,?w〉ω) = ?(v ∧?w )

= ?(〈?w,?v〉ω) = ?(w ∧?v ).

(iv) Using our arguments from (ii) we have

?(e1 ∧ e2) = e3 = e1 × e2

?(e2 ∧ e3) = e1 = e2 × e3

?(e1 ∧ e3) = −e2 = e1 × e3.

Exercise 6.2. Let V be a �nite-dimensional vector space, and let ξ ∈ V . Prove that

∧pV ξ∧_ ∧p+1V ξ∧_ ∧p+2V
is an exact sequence.
Solution. First, for any α ∈

∧pV we have ξ ∧ ξ ∧ α = 0 because ξ ∧ ξ = −ξ ∧ ξ . It follows that the given
sequence is at least a complex. Now let β ∈

∧p+1V be such that ξ ∧ β = 0 ∈
∧p+2V . Let ξ1 = ξ and extend ξ1

to a basis {ξ1, . . . , ξn } of V . Write

ω =
∑

1≤i1< · · ·<ip ≤n
cI · ξi1 ∧ · · · ∧ ξip

where I denotes the multiindex (i1, . . . , ip ) as usual. Then

0 = ξ ∧ ω =
∑

2≤i1< · · ·<ip ≤n
cI · ξ ∧ ξi1 ∧ · · · ∧ ξip

because ξ = ξ1 and therefore ξ ∧ ξ1 = 0. Since the ξ ∧ ξi1 ∧ · · · ∧ ξip appearing on the right hand side are
linearly independent we must have cI = 0 whenever i1 ≥ 2. Consequently,

ω =
∑

1≤i1< · · ·<ip ≤n
i1=1

cI ξ ∧ ξi2 ∧ · · · ∧ ξip = ξ ∧
∑

1≤i1< · · ·<ip ≤n
i1=1

ciξi2 ∧ · · · ∧ ξip ∈ im(ξ ∧ _).
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Exercise 6.3. Use the Mayer–Vietoris sequence to prove that

Hk
dR (S

2) =



R k = 0, 2
0 otherwise.

Inductively, prove from there that

Hk
dR (S

n ) =



R k = 0,n
0 otherwise.

Solution. Let N ∈ Sn and S ∈ Sn be the north and south pole respectively. SetU1 = Sn r {N } andU2 = Sn r {S }.
Then U1 ∪U2 = Sn and U1 ∩U2 ' Sn−1. The Mayer–Vietoris sequence starts

0 H 0
dR (S

n ) H 0
dR (U1) ⊕ H 0

dR (U2) H 0
dR (S

n−1) H 1
dR (S

n )

and a general term looks like

. . . Hk−1
dR (Sn−1) Hk

dR (S
n ) Hk

dR (U1) ⊕ Hk
dR (U2) Hk

dR (S
n−1) Hk+1

dR (Sn ) . . .

Now, Ui ' ∗ and therefore H 0
dR (Ui ) = R and Hk

dR (Ui ) = 0 for k ≥ 1. It follows that Hk
dR (S

n ) � Hk−1
dR (Sn−1) for

k ≥ 2. Furthermore, Sn is connected, so H 0
dR (S

n ) = R. Looking at the start of the Mayer–Vietoris sequence,
we see that the kernel of H 0

dR (U1) ⊕ H 0
dR (U2) H 0

dR (S
n−1) has dimension 1. Therefore, its image must have

dimension 1 as well which implies that the boundary map H 0
dR (S

n−1) H 1
dR (S

n ) is the zero map. Since it is
also surjective because H 1

dR (Ui ) = 0 we conclude that H 1
dR (S

n ) = 0.
Inductively combining this with our knowledge of H •dR (S

1) we get precisely

Hk
dR (S

n ) =



R k = 0,n
0 otherwise.

Exercise 6.4. Suppose that M = M1 tM2. Prove that then Hk
dR (M ) = Hk

dR (M1) ⊕ Hk
dR (M2).

Solution. Using Hk
dR (M1 ∩M2) = 0 for all k , the Mayer–Vietoris sequence for M = M1 ∪M2 starts with

0 H 0
dR (M ) H 0

dR (M1) ⊕ H 0
dR (M2) H 0

dR (M1 ∩M2) = 0

and a general term looks like

0 = Hk−1
dR (M1 ∩M2) Hk

dR (M ) Hk
dR (M1) ⊕ Hk

dR (M2) Hk
dR (M1 ∩M2) = 0.

The claim follows.

Exercise 6.5. Complete the proof that a short exact sequence of cochain maps

0 B•
f •

C•
д•

D• 0

gives rise to a long exact sequence on cohomology.
Solution. The exact sequence gives rise to a commutative diagram

Bn/im(dn−1B ) Cn/im(dn+1C ) Dn/im(dn+1D ) 0

0 ker(dn+1B ) ker(dn+1C ) ker(dn+1D )

f n

dnB

дn

dnC dnD

f n+1 дn+1
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with exact rows. Note that the kernels of the vertical maps are the degree n cohomologies of B•, C• and D•

and the cokernels are the degree n + 1 cohomologies respectively. Any diagram of this shape immediately
induces exact sequences

Hn (B) Hn (C ) Hn (D)

and
Hn+1 (B) Hn+1 (C ) Hn+1 (D).

What is left to check is that there is a connecting homomorphism δ : Hn (D) Hn+1 (B) with corresponding
exactness at Hn (D) and Hn+1 (B).

To construct δ , let [α] ∈ Hn (D). Since Cn/im(dn−1C ) Dn/im(dn−1D ) is surjective, there is some β ∈ Cn

such that [β] [α] along д. Then, дn+1 (dβ ) = dдn (β ) = dα = 0 and so there is some γ ∈ ker(dn+1B )
such that γ dβ along f . We want to de�ne δ ([α]) = [γ ]. But for this to make sense, we should
�rst check that [γ ] does not depend on all the choices made so far. So, let α ′ = α + dξ be such that
[α ′] = [α]. Choose some β ′ ∈ Cn such that [β ′] [α ′] and γ ′ ∈ ker(dn+1B ) such that γ ′ dβ ′. Then
д([β ′] − [β]) = [α ′ − α] = [dξ ] = 0 and therefore there is some ζ ∈ Bn such that f ([ζ ]) = [β ′ − β].
We �nd that f (γ ′ − γ ) = dβ ′ − dβ = d f ([ζ ]) = f (dζ ). But f is injective, so γ ′ − γ = dζ and therefore
[γ ′] = [γ ] ∈ Hn+1 (B). We conclude that the de�nition δ ([α]) = [γ ] makes sense and gives a connecting
homomorphism Hn (D) Hn+1 (B).

To check exactness at Hn (D) �rst take some [β] ∈ Hn (C ). Then to calculate δ (д([β])) we just need to
observe that 0 0 = dβ . So δ (д([β])) = 0. Conversely, let [α] ∈ Hn (D) with δ ([α]) = 0. Choose some
β ∈ Cn such that д([β]) = [α]. Because [α] ∈ kerδ we must have dβ = f (dζ ) for some ζ ∈ Bn . Observe
that this means d (β − f (ζ )) = 0 and д([β − f (ζ )]) = д([β]) = [α]. Hence, [β − f (ζ )] is a preimage of [α] in
Hn (C ) and we conclude the exactness at Hn (D).

Now, to check exactness at Hn+1 (C ) �rst take some [α] ∈ Hn (D). Pick β ∈ Cn with д([β]) = [α] and
γ ∈ Bn+1 with f (γ ) = dβ . Then f (δ ([α])) = f ([γ ]) = [dβ] = 0. Conversely, let [γ ] ∈ Hn+1 (B) with
f ([γ ]) = 0 ∈ Hn+1 (C ), say f (γ ) = dβ for some β ∈ Cn . But then we have δ (д([β])) = [γ ] by the de�nition of
δ . So we also have exactness at Hn+1 (C ).

Exercise 6.6.
(i) Let V be a �nite-dimensional vector space admitting a direct sum decomposition V � U ⊕W . Prove

that there is a canonical map or(V ) × or(W ) or(U ). In other words, an orientation ofV along with
an orientation onW determines an orientation of the complementary subspace U .

(ii) Now let Xd ⊂ Rd+1 be a d–dimensional submanifold of Euclidean space. De�ne the normal bundle of
X to be the line bundle whose �ber at p ∈ X is the orthogonal complement of TpX in TpR

d+1 � Rd+1.
That is, NX = {(p,v ) : p ∈ X ,v ∈ (TpX )⊥} where we are using the standard Euclidean inner product
on Rd+1 to take the orthogonal complement.
Show that NX is in fact a line bundle over X . Then show that X is orientable if and only if NX has a
nowhere vanishing section, also called a nowhere vanishing normal �eld.

Solution.
(i) Assume given an orientation of V and an orientation of W . Let {w1, . . . ,wk } be an oriented ba-

sis of W . Given a basis {u1, . . . ,u` } of U , say that it is positively oriented if and only if the basis
{w1, . . . ,wk ,u1, . . . ,u` } of V is positively oriented. This gives a map or(V ) × or(W ) or(U ).

(ii) To see that NX is a line bundle over X let p ∈ X and choose a submanifold chart for X around p.
That is, let U ⊂ Rd+1 be open, p ∈ U and assume there is a di�eomorphism φ : U Rd+1 such
that φ (p) = 0 and φ (X ∩ U ) ⊂ Rd × {0}. The map ψ : NX |U∩X φ (X ∩ U ) × ({0} × R) with
ψ (x ,v ) = (φ (x ),πn (dφx (v ))) will be a vector bundle chart for NX over U where πn (x1, . . . ,xn ) = xn
is the projection.
Suppose NX has a nowhere vanishing section ν . Let Ω = dx1 ∧ · · · ∧ dxd+1 be the standard volume of
Rd+1 and de�ne ω = ν Ω |X . Then ω vanishes on vectors in NX and therefore de�nes a d–form on X .
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Because ν was nowhere vanishing and Ω is a volume form on Rd+1 the contraction ν Ω |X is nowhere
vanishing on TX and therefore a volume form on X . In particular, it de�nes an orientation of X .
Conversely, suppose X admits a volume form ω ∈ Ωd (X ). De�ne a 1–form ψ : TY |X X × R by
ψ (v )ω = v Ω on sections. Because Ω and ω are nowhere vanishing this is a well de�ned map and
descends to a bundle isomorphism

NX � TY |X /TX ∼ X × R.

The preimage of the constant section 1 will be a nowhere vanishing normal �eld on X .

Exercise 6.7. Prove that real projective space RPn is orientable if and only if n is odd.
Solution. Consider the radial vector �eld ν = r ∂r = 1

2∇r
2 where r 2 = x21 + · · · + x

2
n+1 on Rn+1. The restriction

of ν to Sn ⊂ Rn+1 is just the outward pointing unit normal �eld on Sn . Consequently, the standard volume
form on Sn is given by dvolSn = (ν dx1 ∧ · · · ∧ dxn+1) |Sn .

Let ρ : Rn+1 Rn+1 be the inversion map x −x . Then, pulling back along ρ, we �nd ρ∗ (ν ) = ν and
ρ∗ (dx1 ∧ · · · ∧ dxn+1) = (−1)n+1 dx1 ∧ · · · ∧ dxn+1. Therefore, ρ∗ preserves dvolSn if and only if n is odd.
Consequently, if n is odd, the volume form dvolSn descends to a volume form on RPn = Sn/{±1}. That is, for
odd n we have found an orientation on RPn .

Now, for even n, assume there were a volume form on RPn . Pulling back along the covering Sn RPn ,
we can equivalently consider it to be a ρ∗–invariant volume form ω on Sn . But then there is a strictly positive
function f : Sn R such that ω = f dvolSn . We compute ω = ρ∗ω = ( f ◦ ρ) · ρ∗dvolSn = −( f ◦ ρ) dvolSn
since n is even. But then f = −( f ◦ ρ) which is impossible for f > 0. We conclude that RPn cannot be
orientable for n even.
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