Math 215B Take-home Midterm Solutions
February 20, 2013

1. (10 points total) Wrong-way maps. We have seen that singular homology is a
functorial assignment, that is, given a map f : X — Y of topological spaces, there
is an induced map f, : H;(X) — H;(Y") on homology groups. In some cases, if the
map f : X — Y is particularly nice, there also exists a map f': H;(Y) — H;(X),

called a wrong-way or transfer map.

a. (b points) Let p : X — X be a k-sheeted covering map, for some finite k.

Construct a (non-trivial!) map of chain complexes
Ci(X) — Ci(X) (1)
and show that it is a chain map, giving rise to an induced map on homology
P Hi(X) — Hy(X). (2)
b. (5 points). Show that the composition
peop t Hi(X) — Hi(X) (3)

is multiplication by k.

Solution: 1a. Define the chain map ¢ : C,,(X) — C,(X) by taking each n-simplex
o: A" = X

to the sum of its k lifts to X. There are always exactly k lifts, since 1.33 and 1.34 in
Hatcher tell us that each preimage of o(xg) corresponds to a unique lift, and there
are k such preimages. Taking the 7th face of each of these k lifts, we get k distinct
lifts of 0;o, which must be the k unique lifts of this (k — 1)-simplex. Therefore
taking the sum of lifts commutes with d;, so it commutes with 9 = >,(—1)"0; as

well. Therefore ¢ a chain map, so it passes to a transfer map on homology

H,(X)— H,(X)



1b. It suffices to show that pyo¢ is multiplication by &, before passing to homology
classes. Under this chain map, the simplex o goes to the sum of its k lifts, each
of which is then mapped back to o, so we get a sum of k copies of 0. So py o ¢ is

multiplication by k£ and we are done.



2. (14 points total) Applications to group theory.

a. (7 points) Let X be a wedge sum of n circles, with its natural graph structure,
and let X — X be a covering space with Y C X a finite connected graph.
Show there is a finite graph Z D Y having the same vertices as Y, such that
the projection Y — X extends to a covering space Z — X.

b. (7 points) Using the above fact if necessary, prove the following result in group
theory: Let F be a finitely generated free group, H C F' a finitely generated
subgroup, and x € F'— H. Then there is a subgroup K of finite index such that
K>Handzx ¢ K.

Solution: 2a. Label the n loops of X by ag,...,a,. We will adopt the convention
that each lift of a; in X or Z will also be labelled a;.

Suppose that Y has m vertices, and fix a value of 7 between 1 and n. There are
k edges labelled a; in Y, with 0 < & < m. Since Y is contained in a cover of X,
each vertex of Y has at most one edge labelled a; coming in or going out. There
are m vertices and k edges labelled a;, so exactly m — k of the vertices have no a;
coming in, and exactly m — k of the vertices have no a; going out. Therefore we

may pick a bijection
{vertices with no a; going out} —» {vertices with no a; coming in}

and this bijection tells us how to attach m — k more edges to Y so that each each
vertex has exactly one edge labelled a; pointing in and one edge labelled a; pointing
out. Doing this separately for each value of 7, we arrive at a graph Z containing Y’
whose edges are labelled in a way that describes a covering map Z — X extending

Y — X. Note that Z will not in general be contained in X.

2b. We are given a finitely generated free group F', a finitely generated subgroup
H, and an element x € F'— H. Let X be a wedge of one circle for each generator
of F, so m(X) = F. Let (X, o) — (X, x0) be a cover associated to H C F. For
each element of some finite set of generators for H, pick a finite edgepath ~; that
begins and ends at zy. In addition, pick a finite edgepath « in X that starts at

To and lifts the loop in X corresponding to . Since z is not in the subgroup H,



a will not end at 7. Now let Y be the union of a and all the ~;, and extend
Y to a covering space Z using the above problem. Let K C F' be the subgroup
corresponding to the image of m1(Z,Zo) in m(X). Then K obviously contains H,
but it does not contain x because the path representing x in X lifts to a in Z,
which is not a closed loop. Finally, K has finite index because Z has finitely many

vertices, which are the preimages of the basepoint of X.



3. (12 points) Spaces not distinguished by homology. Show that S*x S and S*v StV S?
have isomorphic homology groups in all dimensions, but their universal covering

spaces do not.

Solution: Using previous computations, the homology groups of S x S! are
Z,72,7. Using the formula for the reduced homology of a wedge, the homology
groups of SV StV S? are also Z,Z? 7. The universal cover of S' x S! is R2,
which is contractible, so it has the homology of a point. The universal cover of
Stv Stv §?%is obtained from the universal cover of S'V St by attaching a copy of
S? to every vertex. This is a 2-dimensional CW complex in which the 1-skeleton
is a tree. Contracting this tree to a point, we get a countable wedge of 2-spheres,
so its homology is a countable direct sum @;°, Z in degree 2, and 0 in all other

positive degrees.



4. (10 points) Homological algebra. Let (C7,0) be a collection of chain complexes

indexed by n € Z, i.e., for each n € Z, there is a chain complex
s erSor Lo, (4)
Let f*:C™ — C™"! be a chain map, one for each n. Suppose that the composite
fos1 0 fn: C™ — C™2 is chain-homotopic to zero for all n, by a chain homotopy
K":C} — C’fjff; that is,
fn-i-l Ofn — aKn +Kna (5)
First part: Show that the map
¢n — fn+2 o K™ — Kn+1 o fn (6)

is an anti-chain map from C™ — C™*3, meaning that doy™ = —1)" 09, and deduce

that ™ gives rise to a map on homology,
ol Hy(CLL0) — Hipa (C1F°,0) (7)

for all n and i. Second part: Finally, suppose that (7) is an isomorphism for all

n and i. Deduce that the sequence
n n+1
o H(Cm,0) LS H(Cm Y 0) B Hy(0m 2 0) — - (8)

1s exact.

Solution of first part: First, let’s check that @™ is an anti-chain map. We

compute, using the chain homotopy equation f**1o f* = 9K+ K" and the fact
that f™ is a chain map, so 9f" = f"0:

" =0f "o K" — QK" o " 9)

= [ 000 K" — (~K" o0+ [0 frH) o fn (10)

= "o (=K" o0+ [0 f) = K™ oo fut [P o o fr (1)

=—f"2 o K"0d+ K" 0o f, (12)

— (R K )00 (13)

= "0 0. (14)



Let us show an anti-chain map v gives rise to a well-defined map on homology
ot Hy(C") — Hiq (C7F3
e H(CY) — Hina(C2) )
[ = [¢ha]

First, we must check it sends cycles to cycles. If ais a cycle, then 0o = —1pda = 0
as desired. To check well-definedness, suppose a + 9 is another representative of
[a]. Then, ¥(a + 9f) = a — dYS is homologous to Pa.

Solution of second part: Before proceeding, let us verify a key identity involving
3
Claim: On homology, we have
LT = (16)
Proof of Claim. We compute, for a cycle § € C"! (so 98 = 0):
¢nfn—15 — (fn+2Kn o Kn—an)fn_lB ( )
— fn+2ann—15 . Kn+1fnfn_lﬁ ( )
— fn+2ann716 _ KnJrl(aanl 4 anlﬁ)ﬁ ( )
— fn—&-Qann—lﬁ _ Kn-i—laKn—lﬂ (20)
= UK - (fUR - 9K K (21)
— fn+2(ann71 . fn+1Kn71>ﬁ 4 aKTH»lanlB ( )
= ["**¢Y" B + (a boundary), (23)

verifying the claim.

Now, suppose that ¥™ is an isomorphism. We need to verify the sequence (8) is

exact, i.e. ker f"™! =im f. There are two assertions to check:

e im f" C ker f*1: this follows immediately from the chain homotopy (5).
Indeed, for a cycle g € imf, so £ is homologous to f"«, for some cycle «,

we have that
B = " fra + f(a boundary)
= (OK"™ + K"0)a + f"(a boundary) (24)
= (a boundary),



as da = 0, verifying that on homology f**1[3] =0, so 3 € ker f*+1.

ker f**1 C im f™: Suppose we have a cycle 3 € C"! with [3] € ker f**1, so
f" B3 = Oa. By the isomorphism (7), 3 is homologous to ¥"~ 27, for some
cycle T € CM2,

Now, using the key identity, note that

frHB ~ frHy e = ¢ 7727 4 (& boundary). (25)

So, if f**'3 is a boundary, then ¥"~!f" 27 is a boundary, which by the

isomorphism (7), implies that f"~27 is a boundary, i.e.

"2 = 0. (26)

Then, note that
8~y (27)
— (ann—Q - Kn—lfn—2>7_ (28)
= f"K" %1 — K" 10y (29)

= R (T = 0K = PR — ) — 0K ),
(30)

If we can show that n := (K" 27— f"~!v) is closed, then the above calculation
will imply that f7*[n] = [f] as desired. We check:

on = O(K" 27 — f*1y) (31)
= (R ) (32)
— ([ ) (33)
~0. (34)



5. (14 points total) SO(3) and the quaternions. The topological group SO(3) is
defined as the space of real 3 x 3 matrices A with that are orthogonal (meaning
AT = A7) and have determinant 1. The topology on SO(3) is the subspace
topology, coming from the inclusion of SO(3) C R?, the space of all 3 x 3 matrices.

Let H denote the group of quaternions (recall that these are numbers of the form
a+b-i+c-j+d-k, for a,b,c,d e R, with non-commutative multiplication rules
determined by i? = j2 =k* = —1, ij = —ji = k).

a. (6 points) A quaternion is called pure if it has 0 real part, i.e., it is of the form
b-i+c-j+d-k. Thinking of R? as the subspace of pure quaternions in H, any
quaternion ¢ € H induces a map

A RP—R?
(35)
T — qxq_l.
Show that when restricted to the unit quaternions (those with norm 1 using the

usual Euclidean norm in R*), such a correspondence gives a (continuous) map
¢ :S% — SO(3). (36)

b. (8 points) Prove that the map ¢ is a covering map, and use it to calculate

m(50(3)).

Solutions: 5a. We use the following facts: the quaternions have a multiplicative
norm, defined for

qg=a+bi+cj+dk

as

gl = Va? + b+ ¢ + a2
Also, the inverse of ¢ is given by
a—bi—cj—dk
lall”

Since inversion of unit quaternions and multiplication of quaternions are both given

by polynomials in each coordinate, they define continuous maps, so the given map

A_: SS — M3X3(R)



is continuous. Since multiplication of quaternions preserves norms, the assignment

T — qxq_1

preserves the norm of z as a vector in R3, so it defines an element of O(3). Therefore

A, gives a continuous map

S3 — 0(3)

Since S? is connected, this map must land in the path component of the identity,
which is SO(3).

5b. The map defined above
$:S% — SO(3)

is clearly a homomorphism of groups. It is surjective because we can check that
quaternions of the form a + bi hit the rotations about the ¢-axis, and similarly
a + cj hits the rotations about the j-axis, and these are enough to generate the
rotations of R3. The map has kernel {£1} since a quaternion that fixes the i axis
must be of the form a + bi, and if it fixes the j axis it must be of the form a + cj,

so if it fixes both then it must be real, which leaves only +1 and —1.

Now we will show ¢ is a covering map. It suffices to do this at the identity of
SO(3), since we can use left-multiplication to translate the result to all other
points. We pick a small neighborhood U of the identity 1 € SO(3) such that
its preimage ¢~!(U) lies in two small balls about +1 and —1 in S3. Focus on
the component Vy; C ¢~1(U) about +1; we need to show that ¢ : Vi, — U is
a homeomorphism. We already know from the above that it is surjective. For
injectivity, if two quaternions ¢i,q2 € Vi gave the same rotation in U, then
q1¢;* = %1, but when U is small enough the only possibility is +1, s0 ¢; = ¢o. Now
¢ : Vi1 — U is a continuous bijection, but by restricting to a slightly smaller closed
ball C' C U and its preimage, we get a continuous bijection between a compact
space and a Hausdorff one, which is therefore a homeomorphism. Restricting this
to an even slightly smaller open ball U" C C, we conclude that U’ is an evenly

covered open set.

Now we know that ¢ is a 2-sheeted cover. Since S? is simply connected, it is the
universal cover of SO(3) and so m(SO(3)) = Z/2.



6. (18 points total) Computation via decompositions. Let X be the quotient space of
S? obtained by identifying the north and south poles to a single point.
a. (6 points) Put a cell complex structure on X and use this to compute 7 (X).

b. (6 points) Put a A-complex structure on X and use this to compute H2(X),

its simplicial homology for this structure.

c. (6 points) Compute the singular homology of X directly, using the Mayer-

Vietoris sequence or excision.

Solutions: See next page.
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7. (12 points total) A covering space corresponding to a subgroup. Let X be a wedge of
three circles with basepoint p the common point at which the circles are wedged.
We showed in class that the fundamental group of m(X,p) is (a,b,c), the free

group on three generators.
a. (7 points) Let G C m (X, p) be the subgroup
G := {(a* ac,c? ab,b* a*ba>,a’b 'a > a*ca™? a’c ta?). (37)
Find a covering space with basepoint
m: (X,p) = (X, p) (38)

corresponding to the group G.

b. (5 points) Now, using the topology of this covering space, prove that G is not

a normal subgroup of (a, b, c).

Solutions: See next page.



i< oMmJe& (/\IIQ/

>t

. b?’uw 3?3;,:,,,_, X . . )

, 3\14414, | Stme. teEEBH "eﬁ.:omaj &L oA §{ 3 <F H‘«vlc(«tg/ %WC‘K) G covey :f‘rca,

{alrt/iA

oF X/. <+ sofba;  + drow a 3/440}1) e vea’?u o b or o
} ((arresq-am),;d-) 4& %L ‘\mﬂy. “"“Q\’f f/'(\( ave/;,,, P/OSP(JQ\O/\X) 5‘“‘(/[" %Q+

"lﬁmu-\/‘/e‘/% verhe  looks  filke o phosd sE X, 5 )(j e
” ' there are Hiree l\ww&j edyes (abeled élc/ 4 %\&W;jm.j
’ , t’)zgx.). [beled o, L C .

At SuC.L.A(,‘Y..,/aéz//[g/ M% 6%'4/[9 MO//%"MK ﬁ,r;ﬁ)( - dz&l@vkhpd

N

~

’)i Q&L}LL{' 5‘4(/!/\ 4 gﬁﬁ(’e’ X tw/)’l ;M/D\A* ?a) 2:
ech . Aot Br (TR s A rpt posbebon,

NDV) /(\5 Frsarr Cﬁ)l -] W()

\Alﬂows {'*M"WIRS led w4 cpside o #{/wﬂ:} Cove(ibxj 5"{746@1

b

A

EEEY ;('“{Y ) ;(nc, A )(/ Yo i+ 5@%&(35; 7{,\ f)[\;&«#’l?j, &QJUL@J ar@o«é_
fwlﬂﬁ Cﬂ% .__/a.(a(ls, oﬁb{\oﬁht'/\&j M [g\,fnkj na(ﬂ

Hoaen




s .‘l‘f. le 7r (’\:l" ’;‘;) ) yo-ca “ '{’6,{{“ 5\,\.@/1 [~ .M?)SJ\MQ . ;\&Lee/ T Q?L

;\\Z —f{p a;UD’/)?;#' >/ - )</ZI” IS P Liaw fy t?/v”l(d&dq M\Z"‘ .

rsedap o ciles.. .,,,m,r{‘,ﬂh@a?,,p%). S goeutd by o colechss

of /mlosl pchaft[gb(',&, ,,jq@,&,..m.@_,,.mmg e4e dT/""f&QC?N(,QJ),,o/\.e A/ eaw_,é, S}’L‘

v /ﬁ\dj_m 73.(%}',‘))‘33(’112/@#«) 47 .- /9-77! 7/\{}’0%75) 7% 50(/4 /-.-a/zl, 1 /uo(u

r.u—/'k,hnf?. ZMJ’/}/ Y Y. pa’}@ qu;wgﬂo'/; T/ a,,c,_—fg/,pq(,[/( CJ?/,o.,/‘)S(&& o'Fv.T-

US\‘M}%\S maximal  sublree

o~
Ha

00 e aboe P’efd‘ﬂ“’ | | |
W fon .‘M“-" (‘em) a("( 9@0/0;!?/,( /g\f P*"T,()“/;ﬁ) /qs F* i$ QMJ‘Cc’~c )1

-1 1} 7 - 2 <3 z,-t<3 R S
a(s a ac o\’(oaB a4 ca 4L“ 4?&:4 )
/ / / / 4 ),
. :—'\‘} L* é 2. 3 "'3 2 3 it 3
- a é C a b -3

a g ué/‘,géa/@c G
'ngw_ o/}\/ daay‘jﬁx /0)2 7‘“0 e ) O/LQ(‘,,,‘&'/{Q%‘

@L é Tac iU = <a L ab’ 'a'c é'c“’ s B
/

zo) m T+ ;wmg Ly thisher g/z ks shaw #Jf Ko X

b M'M«( (wQA 5(}"6&41«/U . el fa(lw MM
C(mm., T 4o Prdwg o4 X Hoore 35 Ho Teck ﬂfwTﬂm—«ﬁ
, /jf A Cﬂ(cw MS/Q/M%""\ s ),. L\.qva ’}\bb& & PuH«/ﬁéa{o{ o.,q,_;ff‘a/ﬁ/fﬁ ,0171/

;(vo + qPq,%l &\&(/ga/) .'@z\sﬁff\/% at 7 . Z#%{(«‘%/?aﬁ[ﬁ ﬁ,o/pScJ,@of)
and LH;.L ,@Q‘N- <o ot =

- /}U J'D /y\’ -




